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Abstract

Rare-earth trimolybdates REy(MoOy)s (RE = Tb, Dy, Ho) constitute a model
system for the study of improper ferroelectricity associated with low-symmetry
structural transitions. This work analyzes the temperature evolution of the [
(paraelectric-paraelastic) and B' (ferroelectric—ferroelastic) phases, evaluating the
effect of ionic radius on crystal distortion throughout this transition. High-
resolution X-ray and neutron diffraction data were collected in the 225-475 K
range and refined using the Rietveld and Le Bail methods, complemented by a
detailed distortion-mode analysis to quantify the amplitudes of primary nonpolar
and secondary polar modes (amplimodes). The combination of both diffraction
techniques enabled a more complete structural characterization, taking advantage
of the differential sensitivity of X-rays to heavy elements and neutrons to oxygen.
Additionally, atomic displacements associated with these modes were compared
with theoretical calculations, exploring the relative influence of chemical pressure
mduced by ionic substitution versus hydrostatic pressure and thermal evolution.
The results provide a detailed view of the possible structural mechanisms involved
in these improper ferroelectric and ferroelastic transitions, particularly those
dominated by the primary mode. The reliability of the conclusions regarding the
structural behavior of the three compounds is supported by the quality of the
refinements, although secondary modes proved more difficult to interpret. This work
provides a framework for future studies aimed at optimizing and designing ferroic
materials, as well as coupling and controlling their properties.
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1 Introduction

Chapter 1 Summary

This work, framed within the research line of the CCDD group, focuses on the detailed
analysis of the structural transition 8 — B in compounds with RE = Tb, Dy and Ho,
with the aim of evaluating how the ionic radius affects structural stability and the
emergence of polarization. In this type of ferroic transition, ferroelectricity is improper:
it does not arise directly from a dominant polar mode, but is induced through coupling
with nonpolar structural modes that act as primary order parameters. To describe this
phenomenon accurately, the theoretical framework of group—subgroup relations is used,
introducing amplimode analysis as a way to decompose the total crystal distortion into
static normal modes associated with irreducible representations of the high-symmetry
phase. This approach makes it possible not only to identify and quantify the primary
modes responsible for symmetry breaking, but also the secondary modes responsible for
polarization. In this way, a structurally grounded strategy is proposed to understand the
origin of improper ferroelectricity and guide the rational design of new multifunctional
materials, integrating concepts from crystallography, solid-state physics and symmetry
theory.

1.1 Introduction to Ferroic Materials: Ferroelectricity and Ferroelasticity

The development of materials with advanced functional properties is a cornerstone of modern materials
science. Such materials play a critical role in areas including energy storage!, energy harvesting and
conversion?, efficient sensing?, advanced lighting®, and information processing®. Among these, ferroic
materials are of particular interest due to their ability to exhibit spontaneous orderings in response to
external stimuli®.

Ferroic materials are primarily classified as ferromagnetic, ferroelectric, or ferroelastic, depending on
the type of spontaneous ordering they exhibit: magnetization, electric polarization, or mechanical
strain, respectively. In many cases, these orderings are coupled, giving rise to multiferroic compounds
that combine multiple ferroic properties and open new avenues for multifunctional devices.

The hallmark of ferroic behavior lies in a material’s crystal structure. A change in structural symmetry
can trigger a ferroic phase transition, typically driven by an external parameter such as temperature,
pressure, or electric field. These transitions involve a transformation from a high-symmetry (para-phase)
to a lower-symmetry (ferro-phase), accompanied by the emergence of a spontanecous order parameter.
For instance, in ferroelectric materials, this parameter is the spontaneous polarization; in ferroelastic

materials, it is the spontaneous strain”.

1.1.1 Ferroelectric Materials

Ferroelectric materials are those that exhibit a spontaneous electric polarization, which can be reversed
by applying an external electric field. This property arises in non-centrosymmetric structures, where
the centers of positive and negative charge do not coincide, creating permanent electric dipoles. For
such polarization to occur, the crystal structure must possess a polar axis. During a ferroelectric phase
transition, the material changes from a paraelectric phase (high symmetry, no spontaneous polarization)
to a ferroelectric phase (low symmetry, with spontaneous polarization). This polarization can align
along multiple equivalent directions, giving rise to ferroelectric domains and hysteresis phenomena
when cyclic electric fields are applied.
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This switching capability underpins applications such as memory devices and piezoelectric and
pyroelectric actuators. A prominent feature of ferroelectrics is their high dielectric permittivity,
particularly near the transition point, which makes them excellent materials for capacitors. Moreover,
their coupling with other physical properties enables integration into multifunctional devices combining
sensing, energy storage, and actuation®.

1.1.2 Ferroelastic Materials

Ferroelastic materials exhibit spontaneous strain under certain conditions, and their shape can be
reoriented by applying mechanical stress. This strain is associated with a reversible structural transition
that involves a change in the crystal’s directional symmetry; as in ferroelectrics, this transition generates
domains—in this case, ferroelastic domains—and displays hysteresis when plotting strain versus applied
stress. This property has been extensively explored for applications such as shape-memory materials,
stress sensors, and smart actuators, particularly in the fields of soft robotics and bioinspired systems.
It is important to emphasize that ferroelasticity can exist independently, without coexisting with
other ferroic properties; however, its coupling with ferroelectricity is common, especially in perovskite
compounds where strain and polarization are activated simultaneously”.

1.1.3 Structure—Property Relationship: A Crystallographic Approach

Understanding the relationship between atomic structure and the physical properties of ferroic
materials has been a fundamental research focus; the pioneering work of Professor S. C. Abrahams
in X-ray and neutron diffraction enabled highly precise quantification of atomic positions, contributing
to the understanding of how subtle structural distortions give rise to phenomena such as piezoelectricity,
pyroelectricity, ferroelectricity, and ferroelasticity. Thanks to these studies!'’, we now know that
the nature and orientation of the order parameter, as well as the transition pathways between
different structural phases, directly determine the macroscopic properties of materials; for example,
the symmetry of the space group dictates the possibility of having a polar axis, and the presence of
certain vibrational modes can spontaneously induce a structural rearrangement that triggers the ferroic

property.

Ferroelectric "

1
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Figure 1: Schematic representation of the relationships between ferroic
properties in multiferroic materials”. The interplay between ferroelectric,
ferromagnetic and ferroelastic orders gives rise to functional couplings such as
piezoelectricity, magnetoelectricity and magnetostriction, reflecting how subtle
structural distortions can induce emergent macroscopic properties.
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1.2 Rare-Earth Molybdates, Specifically of the f-RE;(Mo0O,); Type (RE = Rare
Earth Elements)

The present research focuses on the family of compounds with general formula RE9(MoQOy)s, where
RE denotes a rare-earth element. These trimolybdates constitute a class of materials of notable
interest due to their structural diversity, complexity of phase transitions, and functional potential
in optoelectronics and ferroic materials science. Members of this series crystallize into different
polymorphic phases—«, 3, 3 and y—depending on factors such as the lanthanide ionic radius,
temperature, pressure, and synthesis conditions (e.g., reaction time and calcination temperature). This
crystallographic versatility endows these materials with rich structural and functional properties. The
first RE2(MoOy4)3 compounds were synthesized by Hitchcock in 1895, specifically the molybdates of
lanthanum, praseodymium, and neodymium!'. However, the key discovery in this series occurred in
1966, when Borchardt and Bierstedt synthesized Gda(MoOy)s and observed its ferroelectric behavior
for the first time, marking the beginning of growing interest in ferroic trimolybdates 2.

1.2.1 Structural Diversity and Phase Transitions

Rare-earth molybdates exhibit significant structural flexibility, enabling them to undergo phase
transitions induced by external stimuli. The main phases are:

e Phase o (RE = La—Dy): stable at room temperature in compounds with intermediate-radius
lanthanides. It exhibits complex modulated structures related to chelites, which significantly
influence its physical properties. These structures can transform under pressure or temperature
into the /3 or v phases, with applications in lasers, LEDs, sensors, detectors, photocatalysts, etc. '

e Phases $ and ' (RE = Pr—Ho and Y): both are non-centrosymmetric and of special interest
for nonlinear optics. Phase  can transform into phase 8’ (ferroelectric and ferroelastic, of lower
symmetry and polar) upon cooling, which involves a structural distortion that breaks symmetry
and generates spontaneous polarization and strain. These phases have potential applications in
nonlinear optics (e.g., second-harmonic generation)!%14.

e Phase v (RE = Ho—Lu and Y): appears in molybdates with lighter rare-earth ions (smaller
ionic radius). Its structure differs from the previous ones and is characterized by phenomena such
as negative thermal expansion, with applications in thermal management materials %16,

1.2.2 Research Context

The CCDD research group (Crecimiento, Caracterizacion y Difraccion de Materiales Dieléctricos) at the
University of La Laguna has developed an extensive program focused on RE3(MOy)s compounds (RE
= lanthanides and yttrium; M = Mo, W). Their studies have covered key aspects such as mechanisms
of negative thermal expansion!”, correlations between temperature-dependent crystal structure and
various electrical transport mechanisms—electronic, ionic, and polaronic— ', comparisons between
the effects of chemical substitution and high physical pressure!?, and the optimization of luminescent
properties?V.

This research is situated within that framework and focuses on analyzing the 8 and ' phases, their
structural stability, temperature evolution, and the 8 — S’ structural transition. Understanding the
relationships between structure, symmetry, and physical properties is essential for advancing synthesis
optimization and the rational design of these functional materials.
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1.3 Motivations and Objectives of the Work and Structure

1.3.1 Motivations and Objectives

This work is framed within the research program of the CCDD group, with the general objective of
deepening our understanding of the structural mechanisms governing the phase transitions in these
compounds and their relationship with the emergence of spontaneous polarization and ferroelastic
strain.

A distinctive feature of the 8’ phases is their improper ferroelectric character, where the polarization
does not arise as a primary order parameter, but as a consequence of coupling with another dominant
structural parameter, such as a nonpolar lattice distortion, charge ordering, or spin ordering. This
type of coupling enables the emergence of unconventional functional properties, broadening the range
of response to external stimuli and opening new possibilities for the design of functional materials for
future electronics?!i?2.

Since the first studies on Gda(MoQOy4)s, where the ferroelastic—ferroelectric transition was attributed to
an order—disorder mechanism accompanied by a “soft mode” 23, significant progress has been made in

understanding these systems.

In this pioneering study a maximum oxygen-atom displacement of only 0.7 A was identified and a
spontaneous polarization consistent with experimental data (Ps ~ 0.175 uCcm™2) was estimated,
particularly associated with the oxygen displacements determined by single-crystal X-ray diffraction.

However, more recent work, such as that of Nylund et al.?*, has revealed greater complexity in
the transition mechanisms: using Rietveld refinements of X-ray thermodiffraction data on powder
samples, it was shown that the different cations in Gda(MoOy)s follow qualitatively distinct behaviors
in each crystallographic layer, with atomic displacements that not only correlate with the macroscopic
strain but also introduce hidden degrees of freedom that shed new light on the microscopic origin of
spontaneous polarization in these improper ferroelectrics.

In this context, the CCDD group has made significant contributions to the study of the RE2(MoOy)3
family through a detailed structural approach. For example, Guzmén-Afonso analyzed the relationship
between structural distortions and ionic radii in various molybdates, demonstrating how the ferroelastic
—ferroelectric order parameter varies with the nature of the rare earth?®.

Subsequently, in the study of Hoy(MoQO4)32%, thermal transitions among three phases (8 — 8 — )
were identified, including both reversible and irreversible transformations.

More recently, Gil-de-Cos et al.?” characterized Y2(MoOy)s from a comprehensive structural and
ferroelectric perspective, including the experimental observation of hysteresis loops and the correlation
between the symmetry modes involved in the transition and the macroscopic electrical parameters.

The study that most directly inspires this work is the one carried out by the CCDD group on the
La,Ero_,(MoOy)s solid solution, in which the correlation between crystal structure and ferroelectric

properties was analyzed via X-ray diffraction and Rietveld refinements with symmetry-mode analysis?®.

One of the main methodological contributions was the use of the AMPLIMODES software? to decompose
the structural distortion into symmetry modes, quantitatively identifying the order parameters involved
in the transition. Unexpectedly, an increase in spontaneous polarization and Curie temperature was
observed with increasing Er* concentration (i.e., decreasing average ionic radius), in contrast with
the usual trend in RE2(MoO4)s molybdates.

This result suggests a more complex structural and ferroelectric behaviour, and a greater tunability of
properties in these materials, motivating the comparative study of systems with consecutive rare-earth
ionic radii.

In this context, the main objective of this thesis is to study the structural stability and phase transitions
in #-RE2(MoQO4)s molybdates with RE = Tb, Dy and Ho, taking advantage of the proximity and
consecutiveness of their ionic radii to explore the influence of cation size on improper ferroelectricity.



1 — Introduction 5

To this end, experimental X-ray and neutron diffraction data will be analysed by Rietveld refinements
using the AMPLIMODES software, in order to differentiate between the primary and secondary order
parameters governing the transition.

A key aspect will be comparing RE and Mo cation displacements with those of oxygen anions, to
identify the main structural actors in the development of spontaneous polarization and strain.

Moreover, with available ab initio calculations for Thy(MoQO4)33?, the influence of chemical pressure
induced by cation substitution can be contrasted with hydrostatic pressure, thus providing a more
complete view of the factors modulating the transition.

Finally, this work also has an academic and formative objective, framed within the BSc in Physics: to
deepen expertise in key areas such as crystallography, solid-state physics, X-ray and neutron diffraction
techniques, and structural phase transitions, integrating foundational knowledge from various BSc
courses, including among many others: Electromagnetism, Solid State Physics, Materials
Characterization, Statistical Physics, and Physical Optics.

1.3.2 Structure of the Work

This work is structured in five main chapters—Introduction, Methodology I, Methodology II, Results
Analysis and Discussion, and Conclusions and Future Work—following the typical research format.
However, it adopts a progressive approach that starts with fundamental concepts and advances towards
more specific topics, less covered in the BSc in Physics. The study culminates with the analysis and
interpretation of real diffraction data.

This sequence not only aims to facilitate understanding of the investigated physical and structural
phenomenon, but also to reflect the learning and development process undertaken throughout the
completion of the Final Degree Project.

Within this structure, the Methodology II chapter, dedicated to Rietveld refinement, stands out as
the core of the work, which received the majority of time and effort. Although the experimental
data acquisition (described in Methodology I) was not directly conducted by the author, a detailed
explanation of the procedure is included for its educational value. Finally, the most relevant results are
presented and analysed, leaving possible future research lines outlined.

1.4 Fundamentals of Symmetry and Crystallography for Structural Analysis
1.4.1 Direct Lattice and Symmetry Elements

Crystalline materials exhibit a three-dimensional periodic arrangement of atoms, described by a crystal
lattice: an infinite array of points in space generated by integer translations of a set of basis vectors
a, b, ¢. These vectors define the unit cell, which, when repeated, generates the entire crystal structure.

If the cell contains a single lattice point, it is called primitive; if it contains additional lattice points
(at the body center or faces), it is called centered. In addition to translations, crystals can exhibit
symmetry operations that relate equivalent positions: rotations, reflections, inversions, rotoinversions,
screw axes, and glide planes.

Symmetry Elements Axis of symmetry

. Inversion
Plana of symimisty Centre of symmetry Symmetry Operations Rotatlon /‘
I}

/ Translation Reflection (/\Q/ \ N ,:':,,//
” 7 N T A
N \\b—/ \/

Figure 2: Schematic of symmetry in a crystal lattice: (Left) symmetry elements—rotation axes, reflection planes, and
inversion centers—are shown. (Right) symmetry operations together with the translations defined by the basis vectors

a, g, and & which generate the three-dimensional periodic structure of the crystal®’.
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These transformations are expressed by matrices R acting on the position vectors, ¥/ = R - T,
distinguishing operations that preserve chirality (such as rotations and translations) from those that
invert it (such as reflections or inversions).

1.4.2 Point Groups, Space Groups, and Structural Elements

Crystal classes, or point groups, are combinations of symmetry operations that leave at least one point
fixed and are compatible with the crystal’s periodicity. There are 32 point groups, organized into seven
crystal systems (cubic, tetragonal, hexagonal, trigonal, orthorhombic, monoclinic, and triclinic). When
these systems are combined with the possible centering types, they yield the 14 Bravais lattices®?.

To fully describe a crystal’s symmetry, one uses the space group, which incorporates both point
symmetries and translational symmetries (pure translations, screw axes, and glide planes). There are
230 unique space groups in 3D, each of which unambiguously defines the crystal’s internal organization.

A crystal structure is completely specified by its space group and its asymmetric unit, i.e., the minimal
set of independent atomic positions from which all unit-cell positions are generated by applying the
space-group operations.

These positions are grouped into sets called Wyckoff positions, characterized by their multiplicity (the
number of positions generated from a single one) and their local site symmetry. The number Z indicates
how many formula units the full unit cell contains and is related to the multiplicities of the occupied
Wyckoff sites and the lattice type. Positions may be general (no local symmetry) or special (lying on
symmetry elements and having fixed coordinate constraints).

1.4.3 Reciprocal Lattice, Miller Indices, and Brillouin Zones

Miller indices (hkl) are used in crystallography to identify sets of equivalent crystal planes, i.e., families
of regularly spaced parallel planes that can be described in any direct lattice. These integer indices are
obtained from the intercepts of each plane with the crystal axes. Different notations are used depending
on context: (hkl) denotes a specific plane, {hkl} a family of symmetry-equivalent planes, and [hkl] a
crystallographic direction (perpendicular to the plane).

To study wave propagation in crystals—whether electronic, vibrational, or electromagnetic—the
reciprocal lattice is used, a geometric construction that translates the crystal’s periodicity into
momentum space. Each set of Miller indices (hkl) defines a family of real-space planes and is associated
with a reciprocal-lattice vector:

(_jhkl = ha" + kg* + Ic* (1.1)

Thus, each point in the reciprocal lattice represents a family of crystal planes, and the vectors

connecting these points are directly related to diffraction processes and the conservation of crystal
momentum in solid-state interactions32. The reciprocal-lattice basis vectors @*, b*, & are related to

the direct-lattice vectors by:

-
—

bxc - cxa axb
a* = = ¢t = 1.2
a T T v (1.2)

where V' is the volume of the real-space unit cell.

The diffraction condition we will use in this work is Bragg’s law, which gives the criterion for
constructive interference of waves reflected (diffracted) by the crystal planes:

n\ = 2dhkl sin 0 (1.3)

where A is the wavelength of the incident radiation, n the diffraction order, dpx; the interplanar spacing,
and 6 the incidence angle (see Fig. 3).
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This condition can be reinterpreted in reciprocal-space via the Laue condition, which states that
diffraction occurs when the change in wavevector equals a reciprocal-lattice vector:

k— ko = G (1.4)

Here, ko (incident) and k (diffracted) are the wavevectors of the incoming and outgoing radiation,
respectively. In this framework, Bragg planes are the planes perpendicular to G vectors, whose
magnitude relates to the interplanar spacing by:

= 2w
|Ghrt| = . (1.5)
hkl
This illustrates how reciprocal-lattice geometry provides a precise and general criterion for predicting

diffraction conditions, beyond the original Bragg formulation.

Figure 3: Visual representation of Bragg’s law 3.

The Wigner—Seitz cell is the region of space closer to a given lattice point (e.g., the origin) than to
any other lattice point. Its reciprocal-space analogue is the first Brillouin zone, defined as the set of
points nearer the reciprocal-lattice origin than to any other reciprocal-lattice node. Higher-order zones
(second, third, etc.) also play a central role in solid-state physics.

Wavevectors k lying inside or on the boundary of the first Brillouin zone correspond to allowed states
in a periodic system, characterizing quantum states such as electronic bands or vibrational modes
(phonons). For example, wavevectors at the zone center (the I' point, with k= 0) describe excitations
with no phase variation between adjacent cells, whereas vectors at zone edges or corners represent
states with more complex periodicities, often dictated by lattice symmetry. Thus, the Brillouin zone
provides a natural framework for describing the physics of periodic systems and understanding how
reciprocal-space structure influences their electronic and dynamical properties3?.

1.4.4 Group—Subgroup Relations and Amplimodes

The theory of group—subgroup relations allows one to understand how an ideal high-symmetry crystal
structure, characterized by a space group G (parent phase), can transform into a lower-symmetry
structure (child phase) associated with a subgroup S < G.

This symmetry reduction—typically subtle—is common in many structural phase transitions in real
materials. Such transitions can be described as a sequence of symmetry-lowering steps, in which the
symmetry is gradually reduced through maximal subgroups. These relationships are represented by
hierarchical subgroup diagrams.
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We distinguish two types of subgroups:

e Translationengleich subgroups: the daughter phase preserves the same translation lattice
(the unit cell does not change) but loses part of its point symmetry.

e Klassengleich subgroups: some point symmetry is preserved, but the translation lattice
changes—the unit cell expands and the number of independent atomic positions may increase.

In this context, amplimodes emerge as a fundamental tool to characterize the static structural
distortions responsible for that symmetry reduction. Each amplimode represents a normal mode of
collective atomic displacement within the unit cell, and can be directly associated with an irreducible
representation of the high-symmetry point group?”.

Although amplimodes share a mathematical description similar to dynamic vibrational modes
(phonons), their physical interpretation is different:

e Phonons: correspond to harmonic temporal oscillations of the crystal lattice, responsible for
thermal transport and the dynamic properties of the solid.

e Amplimodes: represent time-frozen displacements that describe the new structural configuration
after a phase transition.

The identification of an amplimode begins with the symmetry analysis of the parent space group G,
and is strongly conditioned by the Brillouin zone structure, especially at high-symmetry points such as
I'. In many cases, the relevant amplimodes are located at I', but they can also involve other reciprocal-
space points if the distortion involves a nonzero wavevector, leading to a doubling or modulation of
the unit cell.

The key idea is that each group—subgroup transition can be described as the activation of one or more
amplimodes, whose superposition generates the lower-symmetry structure. In other words, the resulting
structure is a systematic deformation of the high-symmetry state, in which atoms reorganize coherently
according to patterns dictated by the symmetry of group G.

Each amplimode has a direction (polarization vector) and a magnitude (amplitude), which quantifies
the degree of distortion. Mathematically, for a crystal with N atoms per unit cell, there are 3N degrees
of freedom, and amplimodes allow any distortion to be decomposed into a basis of normal modes
compatible with the symmetry. Thus, the transition from G to S is described not only abstractly in
terms of subgroup relations, but also physically and quantitatively through the excitation of specific
key amplimodes.

Hence, amplimodes serve as a bridge between space-group theory and the structural description of
crystal phases, providing a robust foundation for understanding how new structures emerge from a
high-symmetry phase, as well as their functional implications.

1.5 Description of the § and ' Phases of RE;(MoOy);

The crystalline 8 and 3" phases of the rare-earth trimolybdates RE2(MoOy4)s (RE = Sm-Ho) exhibit
a clear structural and symmetry relationship that illustrates how ferroic phase transitions can be
described via group—subgroup relations and distortion-mode (amplimode) analysis.

In both cases, the three-dimensional network is built from MoOy tetrahedra sharing vertices with
REO7 polyhedra, preserving the same atomic connectivity but with different degrees of symmetry and
distortion (see Figs. 4 and 5).
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1.5.1 Structure of the § Phase: High Symmetry and Paraelectric Configuration

The 3 phase crystallizes in the tetragonal system, with space group P/2;m (No. 113), and contains
Z = 2 formula units per cell. Its asymmetric unit includes two molybdenum atoms, one rare-earth
atom, and four oxygen atoms.

One of the molybdenum atoms (Mol) occupies the Wyckoff position 2a, with elevated symmetry,
located on a fourfold inversion axis. It is coordinated by four equivalent oxygens generated from O4,
which lies on a general position, forming a regular tetrahedron.

The second molybdenum atom (Mo2), at position 4e, lies on a mirror plane containing the ¢ axis. It
forms a slightly distorted tetrahedron with oxygens O1 and O2, also on the mirror plane, plus oxygen
O3 in a general position, which generates the fourth vertex.

The rare-earth atom (RE), also in a 4e site, is coordinated by seven oxygens from seven distinct
tetrahedra: one O1 on the mirror plane, two O2, two O3, and two O4—each pair generated by the
mirror-plane symmetry. Two of these coordination polyhedra share an edge in a plane perpendicular
to the c axis.

RE-O-Mo and RE-O-RE bridges complete a dense, robust three-dimensional network. This network
can be viewed as layers stacked perpendicular to ¢, with Mo-dominated planes at z = 0 and z = 1,

and the less symmetric Mo and RE at z = % and z =~ %

Despite being non-centrosymmetric, this phase is paraelectric and paraelastic, exhibiting nonlinear
optical effects.

y V) (807 RI) 4

o

o
<

»

Figure 4: Projections of the 3 (left) and 3’ (right) phase structures. Top: view along the c¢ axis. Bottom: view along the
face diagonal ab for the paraelectric (8) phase and perpendicular to a for the ferroelectric (8') phase, illustrating their
structural equivalence.

Figure 5: Coordination environments of the two Tb sites in the 8 (left) and 8’ (right) phases. The types of oxygen
forming each tetrahedron are shown; in the ferroelectric phase (3'), the Th1—O; environment must be added, analogous
to the Th;,2—-O2 environment.
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1.5.2 Structure of the 3/ Phase: Induced Distortion and Improper Ferroelectricity

Upon cooling, the system undergoes a structural transition to the 3’ phase, which crystallizes in the
orthorhombic system, space group Pba2 (No. 32), with Z = 4, and whose ¢ axis becomes polar. This
symmetry reduction effectively doubles the unit cell, described by the basis transformation:

a 0 -1 0 a 0
v]l=[1 1 0 b |, t=11 (1.6)
o 0 0 1 ¢ 0

A

where A is the transformation matrix and £ = (0, 3, 0) the associated shift.

In this phase, three independent Mo sites appear, all in general 4c¢ positions, along with increased
structural complexity featuring twelve distinct oxygen sites: two from O1, two from O2, four from O3,
and four from O4. This proliferation of sites directly results from the loss of symmetry. The rare-earth

atom (RE) now occupies two 4c sites, each coordinated by seven oxygens (see Figures 4 and 5).

Despite these differences, the overall connectivity is preserved: the more symmetric MoOy, tetrahedra
remain coordinated to four REO7 polyhedra, while the less symmetric ones coordinate to five. The RE
coordination polyhedra still share an edge and are surrounded by seven molybdate tetrahedra, enabled
by the translational symmetry associated with the a and b glide planes and the polar axis parallel to
c.

1.5.3 Group—Subgroup Relations and Structural Distortions

From a symmetry standpoint, the orthorhombic space group Pba2 is a subgroup of the tetragonal
group P/ 2;m, which allows the structural transition between these two phases to be described via
group—subgroup theory. However, this relation is neither translationengleich nor klassengleich, since
the transition loses both part of the point-symmetry (from 4mm to mm2) and certain translations,
due to the change from a tetragonal to an orthorhombic lattice. Therefore, it is a general or reductive
subgroup, in which the reduction involves transformations in both point symmetry and the translation
lattice. This transformation entails two fundamental effects:

e A spontaneous strain of the crystal system (tetragonal to orthorhombic), which gives rise to
ferroelasticity.

e A secondary polar distortion, responsible for the emergence of spontaneous polarization along
the ¢ axis, resulting in the improper ferroelectric character of the 5’ phase.

Analysis via amplimodes allows this transition to be decomposed into global distortion modes of the
high-symmetry group. Three main types are identified ?°:

1. Primary nonpolar mode, with symmetry M," @ My, associated with the M = (1/2, 1/2, 0)
point of the Brillouin zone. This mode breaks the tetragonal symmetry and directly generates
the orthorhombic structure observed in space group Pba2.

2. Secondary polar mode, with symmetry I's, centered at the I' point. It is not unstable by itself
in the paraelectric phase, but its appearance is induced by coupling with the primary mode. This
mode lowers the symmetry only to the intermediate subgroup C'mm?2 and is responsible for the
spontaneous polarization.

3. Mode I'y, symmetric, which does not break the original symmetry but acts as an additional
compatible contribution.
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The symmetry subspaces associated with these distortions have dimensions of 22 (M5~ @ M,), 15 (I's),
and 14 (I'1), respectively—totaling 51 independent parameters, in agreement with the number of free
positional coordinates in the conventional description of the Pba2 structure.

A quantitative analysis shows that the primary mode M2+ @ M, dominates the total distortion, with an
amplitude more than an order of magnitude larger than that of the secondary polar mode I's and the I'y
mode. The I's mode mainly involves atomic displacements in the xy plane, whereas the displacements
along z—the only polar direction—are much smaller. In fact, given the very small amplitude of the
I's distortion, its z-displacements (except for Mo atoms) are practically zero within experimental
error. Jeitschko?? already noted that the estimated value of spontaneous polarization in this structure,
assuming nominal charges, was smaller than its standard deviation.

This mechanism confirms that ferroelectricity in RFE2(MoQOy4)s compounds is improper, according to the
definition of Toledano & Toledano??: the polar distortion is not the primary driver of the transition, but
a consequence of coupling to an unstable nonpolar mode. Hence, the resulting spontaneous polarization
magnitude is much lower than in proper ferroelectrics, although structurally significant.
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2 Methodology I: Experimental Conditions

Chapter 2 Summary

Before addressing the analysis and refinement of the diffraction patterns of the Dy, Ho
and Tb trimolybdates, which form the core of this work, this chapter provides a general
description of the experimental protocols and methodologies used to obtain the data.
Although the focus of the Final Degree Project lies in the treatment and analysis of the
results, it is essential to understand the origin of the data. For this reason, the solid-
state synthesis conditions of the ferroelectric 3/ phase of REo(MoQy)s are described,
including grinding, compaction and calcination steps. The theoretical basis of the DFT
calculations performed with VASP for the B and ' phases of terbium molybdate is also
briefly outlined. The chapter specifies the experiment carried out at the Institut Laue—
Langevin (ILL), and explains the basic principles of neutron and X-ray generation,
as well as their interaction with matter through scattering and absorption. The main
features of the powder diffractometers used, D2B at ILL and X Pert PRO at CAI-UCM,
are also described, highlighting their advantages and limitations in the context of these
compounds. Finally, the specific experimental conditions of the measurements are given,
Justifying their choice and emphasizing their role in obtaining the high-quality data on
which this study is based.

2.1 Starting Point
2.1.1 Synthesis of the Molybdates

Rare-earth molybdates are commonly synthesized via solid-state reactions, in which precursor oxides
(RE203 and MoOg3) are mixed and subjected to high-temperature heat treatments. The resulting
phases depend not only on stoichiometry but also on processing parameters such as heating rate,
sintering temperature, compaction pressure, and reaction time.

The CCDD research team (Crecimiento, Caracterizacion y Difraccion de Materiales Dieléctricos) at
the University of La Laguna has extensive experience in synthesizing these compounds, whose main
challenge lies in obtaining phase-pure materials. In this work, we aimed to synthesize the ferroelectric
B'-RE2(MoQy)3 phase while avoiding the formation of its polymorphs: the modulated cheelite a phase
and the negative-thermal-expansion v phase.

In particular, the 3’ and 7 phases of holmium trimolybdate are obtained by distinct heat treatments:
1173 K for 24 h for the 8’ phase and 1250 K for 48 h for the ~ phase3?. For terbium trimolybdate,
starting from TbsO7 and MoOs, the a phase forms at 973 K and the 8’ phase at 1223 K3°. The
B’ phase of dysprosium molybdate was synthesized under the same conditions as holmium; no prior
CCDD publications exist for this compound.

Although the syntheses were not performed directly in this work, rare-earth molybdates are obtained by
solid-state reaction—following protocols detailed in Eva Gonzalez Correa’s TFG3®. In brief, precursor
oxides are weighed precisely on a Sartorius ED 1245 balance, ground in an agate mortar (ICL 13 mm
die), compacted in an Atlas-15 T hydraulic press, and finally calcined in Carbolite STF 12/300 and
STF 15/180 furnaces (Fig. 6). This setup ensures homogeneous grinding, uniform compaction, and
reproducible calcination—key for obtaining monophase RE2(MoQOy)s.

(d)

Figure 6: Equipment used for solid-state synthesis: (a) Sartorius ED 1245 balance, (b) disassembled 13 mm agate mortar
(ICL), (c—d) assembled mortar, (e) Atlas—15 T hydraulic press, (f) Carbolite STF 12/300 furnace, and (g) Carbolite STF

15/180 furnace. From Eva Gonzélez Correa®”.
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2.1.2 Theoretical Calculations

Density Functional Theory (DFT) is a widely used ab initio method in quantum chemistry and solid-
state physics for describing many-electron systems. Its main advantage is the ability to compute
electronic properties at relatively low computational cost compared to more accurate but expensive
quantum methods.

The ELSimMat research group (Electronic Structure and ab initio Simulations of Materials) at the
University of La Laguna has a long record in theoretical studies of crystal structure, electronic
properties, and phonons in various materials (e.g.,3%), sometimes in collaboration with CCDD?".

In this work, we used the computed crystal structures of the 3 and 3’ phases of terbium molybdate
(Tba(MoQy4)3)3°. Calculations were performed with VASP3® using DFT with pseudopotentials and
plane-wave basis. For each volume, a full optimization of atomic positions and lattice parameters was
carried out, constrained by the initial space-group symmetry (phases 8 and ') and the corresponding
Wyckoff positions.

2.1.3 Proposal and Experiment at Large-Scale Facilities

As part of the study of rare-earth molybdates with ferroelectric, ferroelastic, and negative-thermal-
expansion properties, experiments at large-scale facilities have been conducted to precisely characterize
the crystal-structure evolution under pressure and temperature, as well as phase transitions. These
studies are essential to correlate crystal structure with observed nonlinear properties, particularly
in compounds with the 3 phase of RE9(MoOy)3. Complementary techniques—X-ray and neutron
diffraction—enable a more complete structural characterization.

Within this context, the CCDD group participated in an experimental campaign on the D2B neutron
diffractometer (proposal [47488]) at the Institut Laue-Langevin (ILL)3? in Grenoble, France (Fig. 7).

Polycrystalline samples of Hoa(MoOy4)3, Dy2(MoOy)s, and Tha(MoOy)s were studied by neutron
diffraction at multiple temperatures (225-475 K), complemented by X-ray powder diffraction at the
Complutense University of Madrid (CAI-XRD) using a conventional powder diffractometer®’. The
experimental data serve as the basis for the structural analyses and their temperature evolution
presented in this work.

Figure T7: Institut Laue-Langevin (ILL).

Between 1993 and 1995, the ILL reactor was refurbished to deliver the world’s highest continuous
neutron flux in the moderator region—1.5 x 10" n-s~!.cm™2 at 58.3 MW thermal power. It operates
in cycles of 50 days followed by refueling stops, plus an annual long maintenance shutdown, for a total
of 200 days of science per year.

The reactor’s main role is to produce an intense neutron flux for cutting-edge research. These neutrons,
extracted, collimated, and directed to experimental stations, are used to study materials, analyze
molecular structures, and explore fundamental physical processes.
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2.2 Neutron and X-ray Diffraction

2.2.1 Generation of Neutrons and X-rays

Structural studies by diffraction techniques require radiation sources that interact effectively with the
atoms in the crystal. In this work we employed two complementary types of radiation: thermal neutrons,
generated in a research nuclear reactor, and X-rays, produced in a conventional powder diffractometer
with a copper anode tube. Both radiations yield structural information but interact differently with
matter: X-rays scatter from the electron cloud, making them more sensitive to heavy atoms, whereas
neutrons scatter from the nucleus, providing higher sensitivity to light atoms such as oxygen.

DOUBLE-WALLED REACTOR BUILDING @)

LEVEL D - REACTOR HALL @)

CRANE FOR REACTOR OERATIONS LEVELD @)
GANTRY FOR HANDLING OF FUEL ELEMENTS (@)
HoT CELL @8)

LEVEL C - EXPERIMENTAL HALL @)

CRANE FOR EXPERIMENTAL OPERATIONS @)
BIOLOGICAL SHIELDING (CONCRETE) @)
COLLIMATED NEUTRON EXIT POINT @)

LEVEL B - REACTOR AUXILLARY EQUIPMENT @)
REACTOR POOL [LIGHT WATER] @

HEAVY WATER (MODERATOR & FUEL ELEMENT COOLING) @2
FUEL ELEMENT @3

SPENT FUEL ELEMENTS STORAGE @4

HEAT EXHANGERS (PRIMARY/SECONDARY) @5
SECONDARY COOLING CIRCUIT ‘DRAC RIVER] @8

Figure 8: ILL nuclear reactor and its components*!

Thermal Neutrons: Reactor Generation and Characteristics

Unlike spallation sources, where neutrons originate by bombarding a heavy-metal target with
accelerated protons, the process in the ILL reactor (Fig. 8) begins with neutron generation in the

core @, where 23°U undergoes fission upon absorbing thermal neutrons.
These initial neutrons are provided by external sources installed at reactor start-up. A common source

is an 2! Am-9Be combination: alpha particles from ?*'!Am react with Be to produce '2C and free
neutrons via:

a+9Be —» 2C+n (2.1)

These neutrons initiate the first fission reactions in the fuel. Once fission begins, more neutrons are
released, establishing a self-sustaining chain reaction. From that point on, the reactor operates without
the need for external sources. The secondary neutrons are moderated with heavy water (D20), allowing

efficient control of the reaction @ Simultaneously, the core is cooled with light water contained in

the reactor pool @ The radiation generated is contained by a biological concrete shield @).

The useful neutrons are extracted through collimated channels @) toward experimental laboratories
@, where they are used for advanced studies of materials and molecular structures. The residual heat

is transferred via heat exchangers @ to a secondary circuit @, which uses water from the Drac River

for dissipation. Finally, the spent fuel is moved to the storage area @, where radioactive waste is
safely managed.

The neutrons used for crystal diffraction are slowed down through successive collisions with the
moderator until they reach thermal equilibrium with the surroundings. These thermal neutrons
then exhibit a velocity distribution that follows the Maxwell-Boltzmann statistics at the moderator
temperature (T ~ 300 K).
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The average energy of these thermal neutrons is on the order of 25 meV, corresponding to a typical
velocity of approximately 2200 m/s.

By De Broglie’s relation:

h
A= p— (2.2)
where h is Planck’s constant, m the neutron mass, and v its velocity, typical wavelengths of 1.5 to
1.8 A are obtained, comparable to interatomic distances in crystalline solids. These wavelengths make
thermal neutrons ideal for diffraction studies, as they satisfy Bragg’s law for atomic planes with spacings
on the order of 1-5 A. At the ILL, once moderated, the neutrons are guided through neutron guides

to the experimental instruments (Figure 9).
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Figure 9: ILL experimental stations®. We focus on the D2B powder
diffractometer (orange box).

After their production, thermal neutrons must be efficiently transported to the experimental
instruments. This is accomplished using neutron guides, which rely on total internal reflection at
very small glancing angles. Such guides are coated with special reflective materials that allow neutrons
to be conveyed over long distances (tens to hundreds of meters) without significant loss of flux.

X-rays: Generation in a Copper Anode Tube

The X-ray radiation used in conventional powder diffractometers is generated by an X-ray tube with
a copper anode. The CAI also has other types of tubes for different investigations. In this device,
electrons are emitted from a heated filament and accelerated by a high voltage difference (30-45 kV)
until they strike the copper anode (Figure 10). This collision excites the metal’s inner electrons, and
when these vacancies are filled by electrons from higher energy levels, characteristic radiation of the
material is emitted.

High voltage supply

@l 100000 Volt l@

Anode

Copper
anticathode

Very low
gas pressure
A

Concave

cathode
Electrons

X-rays

Figure 10: Schematic of a copper-anode X-ray tube 2
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The Cu Ka line, with a wavelength of A = 1.5406 A, is the most commonly used in powder diffraction,
as its value is optimal for studying typical interatomic distances and ensures that diffraction angles (26)
fall within an easily accessible range (5°-90°). Much shorter wavelengths (such as Mo Ko, A = 0.7107 A)
would require very small diffraction angles and reduce angular resolution, while longer wavelengths
would cause peak overlap and increased absorption.

Therefore, Cu Ka radiation represents an ideal compromise between resolution, angular coverage, and
detection efficiency. The radiation is carefully collimated and filtered to eliminate other lines (such as
Kp) and to maximize spectral purity.

2.2.2 Radiation—Matter Interaction

Unlike X-rays, which scatter from the electronic clouds of atoms, neutrons interact primarily with
atomic nuclei and, thanks to their magnetic moment, also with the magnetic moments of electrons.
This dual sensitivity makes neutrons a complementary probe to X-rays for studying both atomic and
magnetic structures of materials?3.

Depending on the interaction mechanism between neutrons or X-rays and matter, two main phenomena
are distinguished: scattering and absorption. In the case of X-rays, photons are scattered by electrons—
especially those in outer shells—whereas neutrons are deflected by strong nuclear forces upon
interacting with nuclei.

In absorption, the mechanisms also differ: in photoelectric absorption, photons are captured by inner-
shell electrons (K or L shells), which may lead to emission of characteristic X-rays or Auger electrons**.
In neutron absorption, neutrons may be captured by the nucleus, inducing gamma-ray emission or even
nuclear reactions such as fission or activation. Both scattering and absorption cross-sections quantify
these interactions, expressing the probability of an incident particle interacting with an atom or nucleus
in barns (1 barn = 10728 m?)%.

For neutron scattering, one often uses the coherent scattering length b..,, measured in femtometers
(1 fm = 107% m). This length characterizes the wave amplitude scattered by a nucleus and relates
directly to the scattering cross-section, distinguishing coherent from incoherent scattering?.

In X-ray scattering, intensity depends on atomic number Z: higher Z yields stronger scattering. The
analogous quantity is the atomic form factor f(0)3?, which describes the efficiency of a bound electron
scattering as a function of angle. It decreases with increasing 26, reducing sensitivity to precise atomic
positions at high angles and lowering contrast between light and heavy atoms. In contrast, neutron
scattering does not scale with Z, since it involves nuclear forces; scattering amplitudes vary irregularly
across isotopes.

For example, oxygen (Z = 8) has a beon =~ 5.803fm, comparable to that of molybdenum (Mo, beon &
6.715fm), which enables the precise localization of light atoms in neutron diffraction. Both O and
Mo exhibit low incoherent scattering, favoring high-quality data. Moreover, this technique allows for
distinguishing between isotopes and between consecutive elements in Z, as observed in the case of
hydrogen and deuterium. Additionally, the lack of dependence on the scattering angle means that no
diffracted intensity is lost at high angles, which is advantageous for determining the atomic and thermal
parameters of the crystal structure. For both types of radiation, a distinction is made between elastic
and inelastic scattering. When X-rays or neutrons are scattered without energy change, only altering
their direction, this is referred to as elastic scattering, which gives rise to diffraction patterns.

Inelastic scattering, on the other hand, involves an exchange of energy, allowing the study of excitations
such as phonons or magnons when neutrons interact. In the case of X-rays, Compton scattering is the
inelastic process that occurs, where photons lose energy upon interacting with electrons; it does not
produce diffraction peaks but contributes to the background of the pattern, especially when detectors
do not discriminate in energy“’. For neutrons, coherent elastic scattering refers to the case in which
the scattered waves interfere constructively, generating diffraction peaks and revealing the crystalline
order.
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Moreover, thanks to the magnetic moment of neutrons (spin = 1/2), they can interact with the
magnetic moments of atoms, making it possible to study magnetic structures through spin-dependent
coherent scattering, as in ferromagnets or antiferromagnets. In contrast, incoherent elastic scattering
results from random interactions without phase correlation between the scattered neutrons, producing
a diffuse background. This occurs due to two main factors*®:

1. Variability between isotopes: Different isotopes of the same element can have very different
scattering cross sections, even with opposite signs (e.g., Gd-155: —81.3fm; Gd-157: +90fm).

2. Nuclear spin disorder: If nuclei have multiple spin states, as in hydrogen ('H), neutrons are
scattered with random phases, resulting in very high incoherent scattering (~ 80 barns). In contrast,
deuterium (?H) has much lower incoherent scattering (~ 2 barns), which reduces the diffuse background
and improves structural resolution.

Inelastic neutron scattering can also be either coherent (collective phonons) or incoherent (local
excitations). Coherent scattering provides access to the collective dynamics of the lattice, whereas
incoherent scattering reveals local processes and contributes to the spectral background. As for
absorption, it varies drastically between elements and isotopes for neutrons due to nuclear resonances.
Each nucleus has discrete energy levels, and if a neutron forms a compound state with the nucleus, a
resonance absorption can occur, producing extremely large cross-section peaks at specific energies.

Elements such as 1°B, "3Cd, 157Gd, or *?Sm exhibit extremely high absorption cross sections (for
example, Gd ~ 49,000 barns). Furthermore, many absorptions follow the inverse velocity law (o o
1/v), which implies greater absorption at lower energies (thermal neutrons). For instance, 'H has an
absorption cross section of 0.332 barns, whereas ?H has only 0.000519 barns. This justifies the use of
deuteration in neutron diffraction experiments to reduce intensity losses and improve signal quality *”

Finally, we justify why we did not select trimolybdates with Gd, Eu, or Sm. Although 3-Gd(MoQOy)s
is the first known ferroelectric of this family, it presents serious challenges for neutron diffraction: its
extremely high absorption (49,000 barns) reduces detected intensity and introduces errors. Moreover,
Gd’s nuclear scattering is highly anomalous and varies significantly between isotopes, introducing
incoherent noise. Sm (5920 barns) and Eu (4530 barns) also absorb strongly. In general, these elements
degrade the quality of diffraction data, reduce resolution, and raise the background, hindering structural
refinement®”. For these reasons, we opted for compositions free of these elements in our study.

As a summary and culmination of the aspects discussed regarding radiation—matter interaction, we can
express how diffracted intensity is quantified in an experiment, both for X-rays and neutrons. Although
the interaction mechanisms differ—electrons versus nuclei—the formal treatment of crystal diffraction
retains an analogous mathematical structure.

In the case of X-ray diffraction, the observed intensity for a diffraction peak hkl is proportional to the
square modulus of the structure factor Fjy;, corrected by geometric and experimental factors:

Ta(X) o [ Fha(X)[ L(8) P(6) A(6) (2.3)

Where Fpp(X) =32, fi(0) e 2mithe;j+hy;+125) is the structure factor (with f;(0) the atomic form factor
of atom j); L(0) is the Lorentz factor; P(6) is the polarization factor; and A(6) is the absorption
correction.

For neutron diffraction, the formula is analogous, but f;(6) is replaced by the coherent scattering length
bji

Inwa(n) o< | Fyga(n)[* L(8) A(6) (2.4)

Where Fpii(n) = > ;0j e?milhz;+ky;+z) is the neutron structure factor (with b; the nuclear scattering
length of atom j); L(#) is the Lorentz factor; and A(f) the absorption correction.
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Unlike X-rays, neutrons do not have a polarization factor, since they are non-electromagnetic
) )

particles. However, in experiments using polarized neutrons, additional terms associated with magnetic

interaction may appear.

These expressions quantitatively summarize how diffraction peak intensities are generated and
modulated, and they help to understand how the fundamental differences between X-ray and neutron
interactions with matter translate into advantages and limitations depending on the type of structural
or magnetic study to be conducted.

2.2.3 Powder Diffraction

Powder diffraction is an essential technique in crystallography for analyzing polycrystalline or powdered
materials. Unlike single-crystal diffraction, which relies on a single, well-oriented crystal, powder
diffraction uses a sample composed of many microcrystals randomly oriented, ensuring that all possible
lattice plane orientations are present.
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Figure 11: (Left) Formation of diffraction cones in powder diffraction experiments from planes (hkl) satisfying Bragg’s
law®°. These cones produce rings (Debye-Scherrer rings) or bands on the detector, depending on geometry, which allow
calculation of interplanar spacings dpr;. The diffraction angles 61 and 6, are indicated. (Right) Typical powder pattern
obtained with FullProf.

As a result, the incident radiation can satisfy the Bragg condition for many families of planes
simultaneously. For each family of planes with an interplanar spacing dyy;, a diffraction cone is formed
with an opening angle of 40, where 26 is the diffraction angle between the incident and diffracted
beams (see Figure 11, Left).

These cones intersect the detector as concentric rings when using an area detector, or as bands when
using a curved “banana’-type detector, commonly employed in neutron diffraction (such as in the D2B
instrument at ILL). By measuring the radius or angular position of these rings or bands, the angle 6
can be determined, and the interplanar distances djx; calculated using Bragg’s law.

The diffractogram is the graphical representation of a powder diffraction experiment, showing the
intensity of diffracted radiation as a function of the angle 20. The peaks in the diffractogram —their
angular positions and intensities— contain key information: they allow identification of the crystalline
phases present in the sample, estimation of lattice parameters, and assessment of microstructural
properties such as crystallite size, texture, and possible internal stresses (see Figure 11, Right).
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Neutron Powder Diffractometer

The D2B neutron powder diffractometer at the Institut Laue-Langevin (ILL) (see Figure 12) is a
high-resolution instrument for structural studies. Widely used for polycrystalline materials, it features
exceptional angular resolution. Its optimized design records diffraction peaks precisely while minimizing
noise, facilitating complex structure refinements.
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Figure 12: 3D layout (left) and internal structure/function (right) of the ILL, D2B diffractometer®*.

A typical neutron powder diffractometer consists of a neutron source (a high-flux research reactor).
A germanium (Ge[335]) single-crystal monochromator selects neutrons of precise wavelength (A =
1.5943 A) by Bragg reflection. A collimation system shapes the neutron beam geometry to optimize
measurements (Fig. 12). The sample is contained in an aluminum tube (approximately 5-10 mm in
diameter, 0.1-1 ml volume), mounted on a rotating stage. The D2B’s chief advantage lies in its array of
128 fixed *He-filled detectors (300 mm tall), which simultaneously cover a wide angular range (0-160°)
without detector movement. The take-off angle (between the incident beam and the detector center)
was 135°, and a full diffraction pattern was recorded in 100 increments of 0.025° in 2. From the raw
data, two patterns were extracted: one by binning pixels in the detector’s central equatorial region
(highest angular resolution, sharper peaks), and another integrating all detectors (better counting
statistics, lower resolution).

For thermodiffraction, the D2B (Fig. 12) is equipped with high-temperature furnaces, enabling
measurements under extreme temperature and pressure without compromising data quality. These
capabilities make the D2B one of the most advanced neutron powder diffractometers available. In our
study, diffraction patterns were collected at 225, 275, 300, 375, 425, and 475 K, each over approximately
2.5 h (totaling three days of beam time). The transmission geometry with sample rotation minimizes
preferred orientation of microcrystals and yields more homogeneous absorption, ideal for structural
refinement. Neutron diffraction requires larger sample volumes than X-ray diffraction, but neutrons’
high penetration leads to reduced interactions with sample environments and less influence from
external materials, offering greater stability for non-ambient studies.

X-ray Powder Diffractometer

A conventional PANalytical X’Pert PRO powder diffractometer was used (Fig. 13) in Bragg—Brentano
(reflection) geometry at the CAI X-Ray Diffraction Service, Universidad Complutense de Madrid. This
instrument is built around a vertical #—26 goniometer (sample always horizontal) with a Cu Ka X-ray
tube and interchangeable sample stages optimized for thermodiffraction.
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The incident beam optics consisted of a programmable divergence slit, operable in fixed-divergence or
fixed-irradiated-length modes (0.5° in our experiments), plus an anti-scatter slit (1° in our experiments).
The diffracted beam was detected by a fast X’Celerator detector with an optional flat secondary
monochromator for Cu Kaj, eliminating Cu Kay radiation and yielding A = 1.5405(1) A (Cu Kay).

A Soller slit was installed in front of the detector to reduce low-angle peak asymmetry. The available
sample stages allow rotation; we used a 14 x 10 mm? holder. With the X-ray tube fixed, the sample
rotates by 0 and the detector by 26, ensuring the incident and diffracted beam both form angle  with
the reflecting planes, as required by Bragg’s law. Our scan range was 10° < 26 < 100°, continuous at
0.02° steps with 200 s per step.

For thermodiffraction, an Anton Paar TTK 450 high-temperature chamber was used. Measurements
were taken at 225, 275, 300, 375, 425, and 475 K during cooling under 5 x 10~ mbar vacuum,
at 10 K/min with a 5-minute dwell between points to stabilize the sample temperature. Reflection
geometry has disadvantages versus transmission: surface illumination, more critical absorption,
preferred orientation (powder texture), and microabsorption due to grain size/density variations. These
effects are difficult to correct without appropriate models: they do not affect cell parameters but can
compromise atomic position refinement if uncorrected.

Figure 13: CAI-UCM PANalytical X'Pert PRO powder
diffractometer°.



3 — Methodology II: Rietveld Refinement 21

3 Methodology II: Rietveld Refinement

Chapter 3 Summary

The structural refinement carried out in this work, mainly using FullProf, constitutes
one of the most important parts of the project and required a substantial amount of
time and effort. Rietveld refinement was applied to neutron diffraction patterns, while
the X-ray diffraction data were treated using the Le Bail method, since the experimental
quality and structural defects did not allow a robust full Rietveld refinement in that
case. A multiphase and multipattern model was built to refine key parameters such
as lattice constants, atomic positions, crystallite size, microstrain and instrumental
effects. The peak profiles were described using the Thompson—Cox—Hastings pseudo-
Voigt function, with parameters associated with broadening and asymmetry adapted
to the characteristics of each pattern. The background was modelled using Taylor
polynomials for neutron diffraction and Chebyshev polynomials for X-ray diffraction. In
addition, the neutron diffraction data were treated through advanced amplimode-based
refinement, using tools from the Bilbao Crystallographic Server and FullProf to describe
the structural distortions as symmetry-adapted collective modes. This methodology
reduces the number of refined parameters, improves the physical interpretation of the
phase transition and allows comparison of the evolution of distortion modes in the Tb,
Dy and Ho molybdates as a function of temperature, hydrostatic pressure and chemical
pressure.

For the structural study of the general-formula compound RE2(MoOy)s (where RE is a rare-earth
element), we employed the Rietveld method, which requires theoretical models. Our initial structural
models derive both from ab initio calculations and from Crystallographic Information Files (CIFs)
available in the Inorganic Crystal Structure Database (ICSD)®2. ICSD is an internationally recognized
repository of experimentally determined crystal structures published in the scientific literature. Each
CIF contains all necessary information to describe a crystal structure—cell parameters, atomic
positions, occupancy factors, and thermal parameters—making it an ideal starting point for structural
refinements. From these models, theoretical diffraction patterns can be generated using the FullProf
program®?, which simulates diffraction profiles from defined crystal structures. Comparing these
simulated patterns with the experimental data allows us to evaluate the suitability of the initial model.
The closer the agreement between simulated and observed patterns, the more robust the starting point
for the Rietveld refinement, facilitating faster and more accurate convergence of the fit and reliable
extraction of structural parameters such as lattice constants, atomic positions, and occupancy factors.

3.1 Introduction to Refinement

The Rietveld method®® is a structural analysis technique that provides detailed information about a
material’s crystal structure from its diffraction pattern (whether X-ray or neutron). Its basis is fitting
a theoretical model to the experimental data using a least-squares approach, minimizing the difference
between observed and calculated intensities at each point in the diffraction profile. This difference is
quantified by a residual function Sy, which depends on all structural, microstructural, and instrumental
parameters contributing to the diffraction pattern:

Sy= > wi(yd™ — yse)? (3.1)

The goal of the refinement is to find the optimal set of parameters that minimizes S,.
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In the case of neutron diffraction, this technique is especially valuable for complex materials such as
rare-earth molybdates RE2(MoOy)s (with RE = Tb, Ho, Dy), due to its sensitivity to light elements
like oxygen and its ability to distinguish neighboring elements in the periodic table. The theoretical
model used in the refinement includes fundamental aspects such as the space group, the crystal
structure, and the atomic positions within the unit cell. It also incorporates microstructural parameters
like crystallite size, microstrain, and phase fractions. Additionally, instrumental effects are considered,
including peak broadening due to the instrument’s optics.

The FullProf program® was used for the refinement. A multi-phase, multi-pattern model was
constructed with shared parameters across phases to reduce the degrees of freedom in the fit.

In each instruction file (. pcr), seven phases were refined simultaneously: the three rare-earth molybdate
phases (Tb, Dy, and Ho), an aluminum phase, and three additional phases used for Le Bail refinement.
A total of nine diffraction patterns were used: six neutron patterns and three X-ray patterns (one of each
technique for each molybdate). For the neutron data, both the full detector patterns and the patterns
centered on the detector’s central region were considered. The calculated intensity at each point Y; .. is
obtained by summing the contributions of all phases present in the sample. Each contribution depends
on several factors:

Yie = ZY;J‘ = ZSjZLK7j Flz(d- DK, (291‘ — 29[(7]') Pri A + ypi (3.2)
J J K
Where:

e S is the scale factor adjusting the overall intensity of each phase.
e K denotes the Bragg reflection for a given set of Miller indices.

e L ; are correction factors such as Lorentz, polarization, and multiplicity, refined for each phase
except in Le Bail refinements.

° Ff( j is the structure factor squared, dependent on atomic positions and thermal parameters,
refined separately for each phase.

e ¢ jis the peak profile function, centered at the Bragg angle 20k, and depends on cell parameters
(kept identical across patterns for a given phase).

e Py ; and A represent any additional profile and absorption corrections.

e 1, is the background intensity at point 4.

3.2 Modeling of the Diffraction Peak Profile in Rietveld Refinement

Accurate modeling of the diffraction peak profile is crucial to obtain reliable structural and
microstructural parameters in a Rietveld refinement. The most widely used function to describe each
peak profile is the Thompson-Cox-Hastings (TCH) function®, which offers a computationally efficient
approximation to the Voigt convolution and can represent both instrumental and microstructural
broadening. The TCH function models the profile as a weighted sum of Gaussian and Lorentzian
contributions via a pseudo-Voigt:

pV(x) =nL(z)+ (1 —n)G(z) (3.3)

where 7 is the mixing parameter (0 = purely Gaussian, 1 = purely Lorentzian), L(z) and G(z) are
the Lorentzian and Gaussian functions, respectively, and x = 26 — 26 is the angular deviation from
the peak center 263. TCH extends this concept by introducing adjustable parameters to model peak
asymmetry, commonly observed at low angles.
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The Gaussian component, mainly due to instrumental effects, is given by:

1 _4in2s?
G(r) = —————e¢€ HG? (3.4)

HGy/7/1In2
where HG is the FWHM of the Gaussian.
The Lorentzian component, related to microstructure (crystallite size and microstrain), is:
HL

1
™t ()

where HL is the FWHM of the Lorentzian.

Both widths HG and HL vary with diffraction angle 8 and are modeled by parameters reflecting
instrument and microstructure. The Gaussian width squared is:

HG? =Utan®0 + Vtanf + W (3.6)

and the Lorentzian width:
HL = Xsecf+Y tanf (3.7)

These parameters have clear physical meanings:
e U, V,W: describe Gaussian instrumental broadening (beam divergence, geometry, resolution).
e X: associated with crystallite size broadening.
e Y: associated with microstrain broadening.

Often, the parameter U can also be related to microstrains and depends on temperature. The full
width at half maximum (FWHM) of a peak is not simply the sum of HG and H L, but results from the
convolution that combines both the Gaussian and Lorentzian components. The TCH function and its
pseudo-Voigt approximation allow efficient modeling of this convolution, adjusting the relative weight
via 7.

In many diffraction patterns, especially at low angles, peaks show asymmetry, mainly due to axial
divergence and other instrumental effects. The TCH function incorporates this asymmetry through
two parameters: SL, which controls the slope or intensity of the asymmetric tail, and DL, which
regulates its extent or decay rate.

For neutron diffraction, we used a well-characterized instrumental resolution function defined by the
parameters U, V', and W. In our case, only the parameters U and Y were refined. The asymmetry was
minimal or negligible, and therefore not refined.

In the refinement of X-ray diffraction data, we did not start from a perfectly defined instrumental
function. Instead, we used initial values based on similar compounds and refined the parameters U, V/,
W, and X. Here, the parameter X plays a greater role, since crystallite size tends to have a stronger
impact on the Lorentzian broadening in XRD. Axial divergence (asymmetry) is a predominant effect
in X-rays, making SL and DL essential for accurate profile correction.

3.3 Background modeling in a diffraction pattern

In Rietveld refinement, a critical yet often underestimated aspect is the modeling of the background
in the diffraction pattern.

This background represents the contribution from all intensities not arising from coherent Bragg
diffraction and, therefore, not directly associated with the crystal structure of the sample.

Incorrect background modeling can distort the relative intensity of the peaks and compromise the
reliability of the fit, affecting both structural and microstructural refined parameters. The background
can have multiple physical origins.
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In X-ray diffraction, it may include significant contributions from beam-induced fluorescence, especially
if elements present in the sample strongly absorb the incident radiation. It may also originate from
inelastic or Compton scattering, instrumental or electronic noise, or even the signal from the sample
holder. In neutron diffraction, typical background sources include incoherent scattering, contributions
from the experimental environment, and, generally, a lower proportion of fluorescence. A smooth
background increase at high angles may also be observed, depending on the detection geometry or
the type of source used.

Another relevant cause of background is the presence of amorphous or partially ordered material, such
as a glassy phase, regions with local structural disorder, or weak superstructures.

These factors produce diffuse scattering, which may appear as a smooth modulation or broad, ill-defined
structures in the baseline of the pattern. To effectively model this background, several strategies are
available. One approach involves manually inputting a table of background intensities for specific 26
values and then linearly interpolating between them. Although useful in some cases, this method is
more prone to subjective errors and requires constant user input, making it less common in systematic
refinements. We used it during the initial stages of the refinement.

More commonly, mathematical global functions are employed and refined simultaneously with the rest
of the structural parameters, providing a continuous and reproducible description of the background
over the entire angular range.

3.3.1 Taylor Polynomials

Among these functions, Taylor polynomials are widely used, especially in refinements of neutron
diffraction data. These polynomials allow the background to be represented as a sum of terms of
increasing order in 26, with coefficients refined during the fit.

Their versatility and ability to approximate a smooth curve make them ideal for patterns where
the background shows a regular trend without large local fluctuations. In the case of neutrons, this
approximation is particularly suitable because backgrounds tend to be smoother and more predictable,
rising slowly toward high angles due to detector geometry and the shape of the neutron spectrum.

In our case, a third-order polynomial (n = 3; four coefficients) was sufficient to capture the general
shape of the background without introducing too many additional parameters, which aids refinement
stability. This function is expressed as:

n

Y = M;Bm (%ﬁ’bs - 1)m (3.8)

where Yj; is the background intensity at point i; B, are the polynomial coefficients (refinable
parameters); 26; is the diffraction angle at point ¢; BKPOS is a scaling constant or the midpoint
of the angular range; and n is the polynomial order (here n = 3).

3.3.2 Chebyshev Polynomials

In X-ray diffraction, we prefer the use of Chebyshev polynomials®®. These functions, defined
orthogonally on the interval [—1, 1], allow a more controlled and stable mathematical representation
of the background, especially when a larger number of terms is required to capture local modulations
(due to physical phenomena such as fluorescence, disorder, or poorly crystallized phases) or complex
curvature, particularly at low angles. To employ them, the diffraction angle axis (26) is rescaled to
the normalized Chebyshev interval, enabling the direct use of their cosine-based expressions. The
Chebyshev polynomials of the first kind are defined on [—1, 1], and their general form in a refinement
is:
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where Y ; is the background intensity at point i; Cp, are the refinable coefficients; T}, (z) are the
Chebyshev polynomials of order m; and z; is the rescaled angular variable, given by:
260; — 20min

to map 26; onto the interval [—1,1].

Chebyshev polynomials allow modeling these variations without introducing artificial oscillations that
can distort the baseline when high-order Taylor polynomials are used. Moreover, their orthogonality
provides a clear numerical advantage: many terms can be employed without degrading refinement
stability or inducing unwanted correlations with other parameters. In our refinements, we used between
9 and 11 coefficients.

3.4 Treatment of Diffraction Intensities: Rietveld and Le Bail
3.4.1 Rietveld Refinement

In Rietveld refinement, the intensity of diffraction peaks is calculated from the structure factor, which
represents the ability of a unit cell to scatter radiation coherently. This factor is determined by the
nature and positions of the atoms within the cell, as well as by their scattering coefficient (in the case
of X-rays) or scattering length (in the case of neutrons).

In a unified way, for a reflection hkl one has:

2

Ihkl x ‘Fhkl’2 _ ij 62771‘ (hxj+ky;+lz;) efBjs (3_11)

j
Where:
fj(0), atomic scattering factor for X-rays,

]j‘7 = S =
b; scattering length for neutrons,

Here, (z;,y;, zj) are the coordinates of atom j in the unit cell, and Bj is its thermal (Debye-Waller)
factor.

3.4.2 Le Bail Refinement

This approach works robustly when high-quality diffractograms and well-defined structural models are
available. However, in situations where data quality is limited—due to low angular resolution, poorly
defined peaks, unknown phases, or preferred orientation—the direct fitting of observed intensities to
calculated ones can lead to inconsistent or physically unrealistic results.

In such cases, the Le Bail method®?, introduced in 1988, provides an effective solution. This method
allows full-profile refinement of the diffraction pattern without requiring knowledge of the atomic
structure. Instead of calculating intensities from a structural model, they are treated as free parameters
that are iteratively adjusted to reproduce the experimental profile. The only constraint is that the
sum of the intensities of all reflections contributing to each point of the diffractogram matches the
experimental signal minus the background.

The refinement proceeds iteratively. Starting from an initial estimate of the intensities IC(O) (H), they
are updated in each cycle n + 1 according to:

D[] 0(26: — 20m)
1|y = 1 (H) - - (3.12)

Z ¢*(20; — 20)
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Here, 4, is the observed intensity, y;, the estimated background, y. the calculated intensity, and ¢ the
peak profile function centered at 26.

These initial intensities can be generated automatically by the software (e.g., FullProf) from a known
cell and space group, by placing idealized peaks and computing their areas.

The Le Bail method proves especially useful when working with powder X-ray data, where structural
information is limited by factors such as: 1) low sensitivity to light elements, such as oxygen; 2)
microabsorption and preferred-orientation effects, which affect the relative intensities of the peaks;
3) the presence of disordered phases or structural transitions that modify intensities without shifting
peak positions. In these contexts, employing the Le Bail method allows accurate refinement of lattice
parameters (a, b, c, «, B,7), peak-profile characteristics (width, shape, asymmetry) and instrumental
corrections such as zero-shift, all without introducing errors associated with poor determination of
atomic positions. In contrast, for neutron data—where no appreciable preferred orientation exists and
good sensitivity to light atoms is achieved—the full Rietveld refinement is more appropriate. In these
cases, the intensities calculated from the structural model typically reproduce the observed ones well,
enabling reliable refinement of atomic positions, occupancies and thermal parameters.

In conclusion, the combined use of the Rietveld method (for neutrons) and the Le Bail method (for
X-rays) constitutes a complementary strategy that maximizes the information extracted from each
technique: precise atomic-structure determination from neutrons, and fine structural evolution and
reliable cell parameters from X-rays, even when intensities cannot be directly interpreted structurally.

Prior to commencing Rietveld refinements, we applied Le Bail refinement to the X-ray data to obtain
more accurate cell parameters. We did not proceed with Rietveld refinement on those data because
we could not achieve a good model to account for possible preferred orientations or other defects that
prevented a satisfactory fit of the intensities.

3.5 Amplimodes in Structural Refinement

As introduced above, amplimodes represent collective normal displacement modes associated with
the irreducible representations of the high-symmetry point group?”. Although these modes are
mathematically defined dynamically as time-harmonic oscillations via

u;(t) = Aj cos(wt + @), (3.13)

where u;(t) is the displacement of atom i at time ¢, A; the polarization vector, w the angular frequency,
and ¢ the phase, in the static structural analysis we are only concerned with the “frozen” configuration
att =0.

At that instant, the static structural distortion can be expressed as a fixed displacement of the atoms
from their high-symmetry positions, written as a linear combination of amplimodes:

Ar; =Y Anp™, (3.14)

, ~ the polarization

is obtained by adding these

where Ar; is the displacement of atom 4, A,, the amplitude of mode m, and p
vector of atom ¢ in mode m. Consequently, the distorted structure r?‘St
displacements to the high-symmetry reference positions r?:

rist = p0 4 Z Ap, pf;m). (3.15)

This formulation illustrates how the overall distortion decomposes into fundamental symmetry-imposed
building blocks, simplifying both the physical interpretation and the refinement process. Instead of
refining individual atomic coordinates, one refines the amplitudes A,,, of the active amplimodes, yielding
a more efficient and physically meaningful structural model.



3 — Methodology II: Rietveld Refinement 27

3.5.1 Refinement with amplimodes

This formulation is key for the structural refinement based on amplimodes, since instead of refining
directly the Cartesian or fractional coordinates of each atom, one refines only the amplitudes A, of
a reduced set of modes that account for the observed distortion??. This provides a much clearer and
more compact physical description of the distorted structure.

Refining using amplimodes instead of atomic coordinates offers several important advantages:

1. Parameter reduction: rather than refining 3NN atomic coordinates for N atoms, only the
amplitudes of the active modes—usually far fewer—are refined. This improves numerical stability
and avoids unnecessary overfitting.

2. Direct physical interpretation: each amplimode is tied to an irreducible representation of
the space group, allowing one to clearly interpret which type of distortion (rotation, collective
displacement, etc.) is occurring and how it affects structural and functional properties.

3. Strict symmetry control: amplimodes respect the constraints imposed by the lower-symmetry
subgroup, preventing distortions incompatible with the symmetry and artificial symmetry
breaking.

4. Phase-transition analysis: it enables monitoring the evolution of mode amplitudes with
temperature, pressure, or other variables, facilitating the identification of critical modes and
quantitative study of displacive transitions.

5. Connection with group theory: the description in terms of amplimodes directly links
the refinement to theoretical concepts, easing systematic comparisons between materials and
providing a reproducible and rigorous framework.

For the calculation of amplimodes from theoretical data, we used the AMPLIMODES tool of the Bilbao
Crystallographic Server??, starting from the high- and low-symmetry structures extracted from the
ICSD database®?. The resulting polarization vectors (Va, Vy, V) were used directly as the starting
point in FullProf for the amplimode refinement.

In the case of the Th, Dy, and Ho molybdates, the structural distortion associated with the
paraelectric—ferroelectric transition was described by the simultaneous activation of three sets of
amplimodes:

e ['1: 14 initial amplitudes refined.
e ['3: 13 amplitudes, initially zero above 425K.
° M; @ My: 22 amplitudes, initially zero above 425K.

The amplitudes of I'3 and M; @ My were set to zero at 425K; for successive temperatures, we copied
the refined values from the previous step.

Further details on how we iteratively performed the amplimode refinement are provided below.

3.6 Refinement Assessment

Before considering the statistical parameters that quantify the quality of the fit in a Rietveld refinement,
it is essential to perform a careful visual inspection of the diffraction pattern. Directly comparing the
observed and calculated patterns allows one to immediately identify significant discrepancies, especially
those associated with systematic errors that might escape numerical indicators.

This visual analysis is particularly useful for detecting peak profile mismatches, asymmetries, shifts, or
poorly reproduced intensities, which may be related to issues in the structural modeling, instrumental
defects, the presence of unmodeled phases, or an incorrect background model.

Therefore, visual evaluation constitutes a necessary preliminary step to validate the relevance of the
refinement results and to guide any required improvements to the model.
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Below are defined the four most commonly used parameters for quantitatively assessing the refinement:

Weighted profile R—factor:

S wi(y = ye)”

Ry = 100 x > (y;)bs)Q

Expected R—factor:

Reyp = 100 x N-F

iwi (57)
Reduced chi—square:
e-()
exp

Bragg R—factor:

Rprage = 100 x M

2kl



4 — Analysis and Discussion of Results

29

4 Analysis and Discussion of Results

Chapter 4 Summary

This section analyses the results of the refinement of X-ray diffraction patterns using
the Le Bail method and neutron diffraction patterns using the Rietveld method for
Dy (MoOy )3, Hoa(MoOy)s and Thy(MoOy)s. The good agreement between experimental
and calculated data, together with low residuals and consistent reliability factors,
indicates reliable refinements. The complementarity between both radiations for
crystallographic analysis is confirmed, as their different interactions with matter lead
to clear differences in the diffraction patterns. The evolution of the unit-cell parameters
is studied as a function of temperature, hydrostatic pressure and chemical pressure. In
the ferroelectric phase, where b > a, the contraction can be interpreted isotropically.
Chemical pressure partly mimics the effect of hydrostatic pressure, although not always
monotonically, while temperature produces a distinct behaviour, especially due to the
anomalous expansion of the c¢ parameter. The primary M; @ My mode, which is
central to the ferroelectric—ferroelastic tramsition, increases with decreasing volume,
but decreases with rare-earth ionic radius, consistently with the reduction in transition
temperature. The polar T's mode also tends to increase with decreasing temperature and
tonic radius, although its behaviour is more complex. At the atomic level, the most
relevant displacements correspond to oxygen atoms, providing a quantitative framework
for understanding the structural mechanisms involved in the improper ferroelectric
transition.

4.1 Discussion of the X-ray Diffraction Patterns
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Figure 14: Le Bail full-profile refinement of the paraelectric and ferroelectric phases of Dy2(MoO4)s (a), Hoz(MoO4)s
(b) and Tbz(MoO4)s (c) at 225, 275, 300, 375, 425 and 475 K. Observed experimental data (red), calculated profile
(black), difference (calculated—observed) (blue), and Bragg positions (green) are shown.



4 — Analysis and Discussion of Results 30

The Le Bail refinement (full-profile) of the ferroelectric and paraelectric phases is shown in the plots
of Figure 14(a,b,c). An excellent agreement is observed between the experimental values (red points)
and the calculated ones (black line). The differences (blue line) remain small and without systematic
features, indicating a reliable refinement. The peak positions match very well point-by-point between
the observed and calculated patterns, and the intensities are also well reproduced for most peaks,
especially at low and medium angles. The background appears well modeled, and the central region
of the diffractograms refines better than the extremes. Peaks exhibit greater asymmetry at low angles
and the background is more challenging to model, compounded by an excessive loss of intensity in
those peaks affected by the atomic form factor at high angles.

The maximum and minimum reliability factors for all three compounds and temperatures are listed in
Tables 1 and 2 (Appendix). The obtained values are similar to the Le Bail refinements performed by
Gil de Cos on '-Y3(MoOy4)3%7.

There is barely any systematic shift of the peaks toward higher angles as temperature decreases, which
would indicate a contraction of the cell parameters. The high-angle peaks show lower intensities mainly
due to the angular dependence of the atomic form factor. The low scatter in the blue line (residuals)
and the sharp definition of the peaks demonstrate that the photon count was high and the data quality
excellent.

The separation of the peaks (without excessive overlap) allows subtle peaks corresponding to the
ferroelectric phase to be observed, as indicated in Figure 15. When comparing across compounds, no
clear shift associated with the contraction induced by chemical pressure is observed either.

425K 275K
JLL A DN A

6 17 18 19 20 21 22 16 17 18 19 20 21 22
20 (°) 26 (°)

Figure 15: Rietveld refinement of Hoz(MoQOy)2 in the ferroelectric (left) and paraelectric (right)
phases at 475 and 275 K. Observed data (red), calculated (black), difference (blue), and Bragg
positions (green) are shown.

No atomic positions or thermal parameters were obtained, as only the profile was refined. In this
respect, a clear trend of decreasing parameter U (associated with microstrain) is observed upon lowering
the temperature in all three compounds. This suggests that, as the temperature increases, different
regions of the crystal may expand non-uniformly, generating microstrains that could be related to the
preparation for the phase transformation. In the paraelectric phase, this parameter generally tends to
decrease again.

4.2 Discussion of Neutron Diffraction Patterns

The Rietveld refinement of the ferroelectric and paraelectric phases is shown in Figure 16. Excellent
agreement is observed between the experimental data (red points) and the calculated pattern (black
line). The difference curve (blue line) remains small and free of systematic deviations, indicating a
reliable refinement. Peak positions match very accurately between observed and calculated patterns,
and the intensities are well reproduced for most peaks, especially at low and medium angles. The
background appears well modeled, and the central region of the diffraction patterns refines better than
the edges (see Section 2.2.3).



4 — Analysis and Discussion of Results

31

Hoo(MOO.), 476K

Ho,(MoO,),

475K

KAty Ao s bt g ol il Y™
LI b i AL | L)
[ IR RURARN U RN NN LT L ) LI T [N R IRTRTRNTL R LI TV T L)
Thy(MoOy); ¢ 475K Thy(M0oO,), 473K

A Y PR T R TR eoniih o
S RBPRIS B P S A Fiebaanlctriehidede sy -
T ot e ot ! M TR I T T |
Dy, (M0O)s 475K Dy,(Mo0.), 475K

Ll Loa ) dus e l,L-.L—: L) -“y i '.“ L AT T st

AL v PRI i} L LR RTRETE BTN RPN )

15 30 45 60 75 90 105 120 135 15 30 45 60 75 90 105 120 135
28 (%) 26 (%)

HogiMoO,), + 375K Hoz{MoOy), 375K

‘ tbprtllhonmdprn
Yo t

ToMoO)s aTEK

e s et o ol A

375K

i ¥ T el t

Liait) L) " A u
[N LNTINCRTTILT T [ RN
Dy,(MoO,); : 375K Dy, (MoO,), 378K

" Attt
Wby, T ul i

15 30 45 60 75 90 105 120 135 15 30 45 60 75 90 105 120 133
20 (%) 20 (%)
Hol(MoQ), 275K Ho(MoO,), 275K

ated. ol Ly

Yo
TN

Aab L)

Tb,(MoO.,), 275K

Thy(MoQ,),

Y - I B

- et embyn " Y - - x! Kb flh‘J_ AP -,
[N ] ::HI\I\IIIIIIII rrmn wll\ll: j iy
Dyz(MoQy)s Dy,(MoQ,), 275K

Ln
[}
=
A
tn

Figure 16: Rietveld

refinement with
neutrons at
475K (top), 375K
(middle) and 275K

(bottom)  of  the
diffraction  patterns
of DyQ(MOO4)3,
Ho2(MoOy4)s and
Tb2 (MOO4)3. ShOWIl
are the experimental
data (red), calculated
(black), the difference
(blue), and the Bragg
positions (green and
orange).
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The maximum and minimum values of the reliability factors for all three compounds and across all
temperatures are listed in Tables 1 and 2 (Appendix). These values can be compared with similar

refinements in the literature®”.

First, note the difference between the plots on the left (full detector) and on the right (detector
center). The peak intensities nearly triple when integrating over the entire detector, improving counting
statistics compared to the patterns on the right, which only use the detector center. Although these
central-detector patterns yield lower counts and a reduced signal-to-noise ratio, their peaks are sharper
and thus provide higher angular resolution.

A second set of reflections (in red) is also visible alongside those corresponding to the studied
molybdate phases (in green). These extra peaks arise from the aluminum sample holder used in the
D2B diffractometer. Since this phase is minor and yields low count statistics, its individual refinement is
less precise than that of the main phases. We improved the robustness of its refinement by performing a
simultaneous multi-pattern fit of all six neutron diffraction datasets collected at the same temperature,
fixing the aluminum cell parameters and atomic coordinates to the same values across all patterns.
This strategy stabilized the refinement of the minor phase despite its limited peak intensity.

As with the X-ray patterns, there is almost no systematic peak shift to higher angles as temperature
decreases—a signature of cell-parameter contraction. However, in this case the high-angle peaks do not
lose intensity (see Sec. 2.2.2), although they do lose resolution, as shown in Fig. 17 when detecting
the ferroelectric peaks. Comparing across compounds, no clear shift due to chemical-pressure-induced
contraction is observed either.

Distinguishing among the three rare-earth molybdates, we see that the peak intensities in the Dy
compound decrease markedly. This is due to differences in both coherent and incoherent neutron
scattering lengths: Dy has a coherent length of 16.9 fm but an incoherent scattering length of 12.8 fm,
whereas Tbh (7.38 fm coherent, <1 fm incoherent) and Ho (8.01 fm coherent, <1 fm incoherent) show
much lower incoherent contributions. The higher incoherent scattering in Dy increases background noise
and reduces peak definition. Additionally, Dy’s thermal-neutron absorption cross-section (994 barn)
is far greater than that of Th (23 barn) and Ho (64.7 barn). To prevent intensity loss from adversely
affecting the thermal-vibration ellipsoids—which in Dy showed unphysical negative components—we
initially refined a global scale-factor exponential term during the early refinement stages and then fixed
it thereafter. The poorer quality of the Dy molybdate data led to larger standard uncertainties and
less systematic temperature-dependent behavior of the structural parameters.
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Figure 17: Refinement of Tha(MoQOy4)2 in the ferroelectric (left) and paraelectric (right) phases at
475 and 275 K. Shown are observed data (red), calculated (black), their difference (blue), and Bragg
positions (green).

While the U parameter obtained from X-ray diffraction shows a decreasing trend with
temperature—behavior expected due to the relaxation of thermal microstrains—in the neutron data
this parameter increases as temperature decreases. This discrepancy suggests that X-ray diffraction
provides a more consistent description of the microstructural evolution in these compounds, possibly
due to its higher sensitivity to thermally induced local distortions and a better signal-to-noise ratio in
the analyzed reflections.
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4.3 Discussion of Lattice Parameters, b — a Differences, and Global Amplimodes

In the following we discuss how the crystal structures of the improper ferroelectric molybdates
RE2(MoQy)s respond to three physical conditions—temperature, hydrostatic pressure, and chemical
pressure—using comparable variables: the unit-cell volume, the lattice parameters a, b, and ¢, the
difference b — a, and the structural amplimodes ]\4[2Jr @ My (primary) and I's (secondary).

In Figure 18 we plot the evolution of the lattice parameters a, b, and ¢ as functions of unit-cell
volume based on experimental data collected between 225 K and 475 K for the three molybdates
Tb2(MoOy4)s (red), Dy2(MoOy4)s (green), and Hoz(MoOy4)s (blue). We also compare these with the
theoretical hydrostatic-pressure simulations of the paraelectric phase (pink) and the ferroelectric phase
(violet) reported by our group in a previous study®®. Black and orange guide-lines are included to
highlight the parameter changes between 225 K and 475 K.
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Figure 18: Evolution of the lattice parameters a, b, and c versus
unit-cell volume for experimental data collected between 225K and
475K for Tha(MoOy4)s (red points), Dy2(MoOs4)s (green points), and
Ho2(MoOy4)s (blue points), and for the theoretical simulations of the
B-Tha(MoQ4)s phase (solid pink line) and the 3’-Tha(MoQ4)s phase
(solid violet line). Black and orange guide-lines connect the 475K and
225K data to illustrate the evolution of the lattice parameters under
chemical pressure.

The lattice parameters a and b contract with decreasing volume in all systems (experimental and
theoretical). In the ferroelectric phase, a clear separation between a and b (b > a) is observed,
becoming more pronounced as the volume decreases (lower T'). In the paraelectric phase, a = b,
reflecting tetragonal symmetry. The parameter ¢ (the polar axis) increases in the experimental data as
temperature decreases (volume decreases), which is opposite to the behavior under hydrostatic pressure
(according to the theoretical data), where ¢ decreases.

One can also approximately identify the paraelectric-to—ferroelectric phase transition temperatures
from the experimental measurements. This behavior is typical of these compounds??, but the evolution
under hydrostatic, chemical, and thermal pressure had not been directly compared. The response to
reducing both types of pressure is very similar, so decreasing the rare-earth ionic radius produces
an effect on the crystal structure broadly analogous to hydrostatic pressure. The contraction of the
experimental cell parameters a, b, and c for all the molybdates occurs from the values of the theoretical
paraelectric phase (larger) toward those of the theoretical ferroelectric phase (smaller).
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This behavior can be explained by noting that, for a given molar volume or number of atoms, higher-
symmetry structures—such as the paraelectric phase—tend to require larger unit cells to maintain
that symmetry, especially when the lattice must accommodate atoms in highly ordered positions,
which typically implies larger interatomic separations. In contrast, lower-symmetry structures, such
as the ferroelectric ones, present more structural degrees of freedom—both in lengths and angles of
the cell—allowing greater relaxation and compaction of the system as it optimizes its internal energy.
This coherence between the experimentally observed structural changes and those predicted by the
theoretical models demonstrates that the calculations faithfully reproduce the real structural trends,
thereby confirming their great utility and reliability for the study of phase transitions and complex
crystallographic properties.
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Figure 19: Global amplitudes of the I'y, M;‘ @ M, and I's modes
and the difference b — a versus unit cell volume for the theoretical
ferroelectric phases of Tha(MoOu4)s (from top to bottom: pink, dark
green, dark violet and orange for the M;' @® My, I't, I's modes and
b — a, respectively) and for the experimental ferroelectric phases of
Th2(MoOy4)s (red), Dy2(MoO4)s (green) and Hoz(MoOy4)s (blue). The
colors were chosen to match those used in the cell parameter plots.

In Figure 19 we present the global amplitudes of the displacements with symmetries I'y, M2+ @ M4 and
'3 starting from the paraelectric phase of Thy(MoQy4)s, both for the theoretically simulated ferroelectric
phases (pink and violet tones) and for the experimental ferroelectric phases of the Tb (green tones), Dy
(blue tones) and Ho (red tones) molybdates. We also plot the quantity b— a, which is highly sensitive to
symmetry breaking. As expected (see Section 1.5.3), the primary non-polar mode M2Jr @® M, has a larger
amplitude than the secondary modes I'y and I's, which themselves differ but to a lesser extent. The
amplitude of the primary mode that triggers the improper ferroelectric transition, M2+ @ My, increases
as the experimental volume (temperature) and theoretical volume (hydrostatic pressure) decrease.

However, it decreases when the ionic radius is reduced (Ho shows a smaller M2+ @ M, amplitude than
Dy and Tb), indicating that chemical pressure does not favor this distortion.
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These findings are consistent with the evolution of b — a: b — a > 0 in all cases, following a trend very
similar to that of the M2+ @ M4 mode, which suggests that b — a can serve as an indirect indicator of
the primary mode’s amplitude. Under decreasing temperature and hydrostatic pressure, b — a increases
significantly, but upon reducing the ionic radius (Ho>Dy>Tb) it decreases, although this latter trend
is not perfectly monotonic, mirroring the behavior of the global M2+ @® M, mode.

This result agrees with the fact that ferroelectric molybdates containing smaller-radius rare earths
exhibit lower phase transition temperatures®®, consistent with the characteristics of “displacive”

transitions 0.

The I's mode, a secondary polar mode responsible for the emergence of spontaneous polarization (see
Section 1.5.3), shows a monotonically increasing amplitude as temperature decreases; however, it also
increases when the ionic radius is reduced. Furthermore, for the Dy and Ho molybdates it exceeds
the amplitude of the I'y mode, whereas for Th (both experimental and theoretical) it is comparable
or lower, respectively. It would be interesting to perform theoretical calculations for Ho and Dy to
confirm this trend.

This behavior is echoed in the LagErs_,(MoQOy)s solid solutions, where increasing Er content enhances
the I's mode and the remanent and saturation polarization values obtained from ferroelectric hysteresis
loops28. The I'; mode is less significant since it depends on the paraelectric reference structure and
does not participate in the phase transition (these displacements do not break paraelectric symmetry).

Moreover, the theoretical values of I'; and I's exhibit a concave trend: I's initially decreases with volume
and then increases again, possibly indicating an intermediate energy minimum or high sensitivity to
slight structural variations. This complexity suggests that I's is not activated directly by volume change,
but rather through coupling with the primary mode and the surrounding structural environment. In
principle, the Dy and Ho molybdates could also display concave I's behavior under hydrostatic pressure,
given their similar structural sensitivity and mode—mode coupling exhibited by the Th molybdate. This
would be worth verifying through dedicated theoretical studies.

4.4 Individual amplimodes and structural mechanisms

In Figures 20, 21 and 22, the displacement vectors corresponding to the symmetry mode M; @ M, are
shown, calculated for the compounds Hoz(MoOy)3, Dy2(MoOy4)3 and Tha(MoOy)s.

These vectors indicate the atomic displacements from the paraelectric to the ferroelectric phase within
the unit cell. On the left of each figure the structure at 225K is displayed, and on the right at 375K.
The top views are perpendicular to the a-axis, while the bottom views are perpendicular to the c-axis.

In the central plot, the individual amplitudes of the modes with the same symmetry (M2Jr @ My) are
plotted as a function of unit-cell volume. Dashed vertical lines mark the volumes corresponding to
225K and 375K, and a color code identifies the different atom types in the crystal. Overall, a very
similar behavior is observed in all three compounds, consistent even with the theoretical predictions.
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Figure 20: Displacement vectors compatible with the M, @ My symmetry mode of The(MoOy)s: left at 225K and right
at 375K. In the center, the mode amplitudes are plotted against unit-cell volume for all atoms, using the color code
indicated.

Oxygen atoms display larger displacements (amplitudes) compared to heavier elements such as Ho,
Dy, Th and Mo, which is to be expected given their lower mass.

This result partially contrasts with the recent work of Nylund et al.?*, who calculate the ferroelastic

strain from the thermal evolution of the lattice parameters and, via Rietveld refinements of
temperature-dependent X-ray diffraction data, observe that the different cations exhibit distinct critical
behaviors. However, we have found that neutron diffraction data allow a more precise determination
of atomic positions, and that using amplimodes provides a clearer hierarchy of atomic displacements,
improving the structural refinement compared to the conventional coordinate-based approach.

Among the oxygens, those of type O2 (light green)—which form part of the shared edge of the rare-
earth dimer—exhibit the smallest displacements, likely due to structural constraints in that region.
The displacement amplitudes of oxygens O1 (dark green) and O4 (light blue) are similar; both connect
Mo and rare-earth atoms along the ¢ axis. The O1 oxygens displace mainly along a and b, whereas the
04 oxygens show a small c-component and a more pronounced displacement along the ab diagonal.

The most significant displacements correspond to the O3 oxygens (navy blue), which also lie along
the ab diagonal, with an additional c-component that decreases as the temperature increases. This
component is particularly notable in the theoretically simulated compound under negative pressure,
showing a trend similar to the experimental behavior when pressure is reduced. In particular, the
displacement component along b is larger than that along a, revealing an anisotropy in the structural
distortion. This is consistent with the fact that b > a.
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Figure 21: Displacement vectors compatible with the M;' @® M4 symmetry mode of Dy2(MoQOy)s: on the left at 225K
and on the right at 375K. In the center, the mode amplitudes are plotted against unit-cell volume, with different atom
types indicated by the color code shown.

Furthermore, it is observed that when the rare-earth cation is replaced by one with a larger ionic
radius, the individual displacements associated with the M2+ @® M, mode also increase, similarly to
the behavior described for the global modes. The decrease in ionic radius favors a structure with
smaller differences between the sizes of the MoQOy4 tetrahedra and the REO7 polyhedra, which could
restrict oxygen movements in less distorted structures (with smaller differences between a and b). This
reduction in mode amplitudes suggests a chemical pressure effect that stabilizes the higher-symmetry
(paraelectric) phase at lower temperatures.

We have also examined the temperature dependence of the amplitudes and directions of the
displacements compatible with the polar symmetry mode I's. In this case, no conclusions as clear
as for the M2Jr @ M, mode could be drawn, likely because these displacements are roughly an order of
magnitude smaller, with comparable standard deviations. Moreover, their magnitude is similar to that
of the thermal displacements refined under the paraelectric phase symmetry. Several refinements were
performed, but they did not always yield consistent results. No clear pattern emerges in the behavior
across the three compounds, nor is there an obvious correspondence with the theoretical predictions.
Further investigation will be necessary to understand the increase in the global I's mode amplitude
as the rare-earth ionic radius decreases and to explain the anomalies observed in the theoretical
calculations. It would also be valuable to compare with theoretical calculations for other rare-earth
elements.

Similarly, it would be helpful to revisit the experimental refinements in which modes with very small
amplitudes and/or large uncertainties were omitted. Finally, plotting bond lengths to correlate more
precisely the observed displacements with bond contractions or elongations—and with changes in bond
angles—would be advisable. This analysis should focus especially on the polyhedral environments and
the oxygen bridges connecting those polyhedra.
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5 Conclusions and Future Work

Chapter 5 Summary

The study highlights the importance of rigorous planning and careful selection of
improper  ferroelectric REy(MoOy4)s compounds (RE = Tb,Dy,Ho) for reliable
comparative analysis. The combination of X-ray and neutron diffraction enabled
accurate structural refinement and the identification of distortion modes related to
the ferroelectric transition. It was observed that structural distortion increases with
volume reduction, whether induced by temperature or pressure, while chemical pressure
tends to stabilise the paraelectric phase. The polar mode responsible for spontaneous
polarization shows complex behaviour linked to its interaction with other structural
modes. Querall, the experimental and theoretical results show good consistency,
validating the comparative approach and contributing to a deeper understanding of
improper ferroelectricity in these materials.

5.1 Conclusions

This study highlights the importance of rigorous planning from the initial stages of research to
ensure scientific consistency. The selection of the RE9(MoQOy)s series (RE = Tb, Dy, Ho)—improper
ferroelectrics with consecutive ionic radii—provided a solid basis for a detailed comparative analysis.
The reproducible synthesis of these phases, combined with an experimental design that leverages the
complementarity of X-ray diffraction (sensitive to heavy elements) and neutron diffraction (sensitive
to light elements), enabled the collection of reliable data and accurate structural interpretation. The
careful choice of rare earths with low neutron absorption—excluding elements such as Gd, Eu, or
Sm—reflects a consciously optimized experimental plan.

Rietveld multipattern refinements, simultaneously combining X-ray and neutron diffraction patterns for
the three phases at the same temperature, proved to be a key tool for structural analysis. This approach
enabled the coherent and accurate refinement of shared parameters, although it required special
attention to background and profile modeling due to the inherent differences between both techniques.
The incorporation of the Le Bail method was necessary to correct preferred orientation in the absence
of a suitable structural model, while the use of amplimodes allowed for a faithful representation of
the distortions associated with ferroelectric transitions, surpassing conventional refinements based on
atomic coordinates. This facilitated the identification and tracking of the key active modes as a function
of temperature, reinforcing the methodological approach adopted.

The structural refinements showed excellent agreement with the experimental data, yielding low
residuals and no systematic deviations, comparable to reference studies on complex ferroelectrics.
Neutron diffraction played a crucial role in detecting light atoms such as oxygen, although the signal
for Dy was limited by its high absorption and incoherent scattering—an aspect carefully considered
in the interpretation. Furthermore, the evolution of microstructure with temperature was consistently
interpreted, as evidenced by changes in peak widths, particularly in the X-ray data.

Comparison between experimental results and theoretical models for Tho(MoOy)s3 revealed significant
structural coherence under different types of compression (thermal, chemical, and hydrostatic). The
cell parameters a and b contract upon volume reduction, maintaining the orthorhombic distortion
(b > a) in the ferroelectric phase, which disappears upon transition to the tetragonal paraelectric phase
(a = b). The ¢ parameter exhibited opposite behavior experimentally (expanding upon cooling) and
theoretically under pressure (contracting), revealing subtle differences between compression modes.
Chemical substitution with smaller-radius rare earths reproduced structural effects analogous to
external pressure, validating the comparative approach.
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The trajectory from more symmetric, expanded structures to more compact, distorted configurations
upon volume reduction reflects a relaxation consistent with symmetry breaking and reaffirms the
predictive power of the calculations.

Regarding symmetry modes, the nonpolar primary mode M; @ M, and the polar secondary mode I's
evolve in a correlated manner, decisively influencing the crystal symmetry and ferroelectric properties.
The parameter b — a, sensitive to symmetry breaking, accurately tracks the evolution of the primary
mode responsible for the improper ferroelectric transition, whose amplitude increases with decreasing
experimental (thermal) and theoretical (hydrostatic) volume, indicating greater structural distortion.
In contrast, chemical pressure stabilizes the paraelectric phase, reducing that distortion as the ionic
radius decreases (Ho < Dy < Tbh).

The polar mode I's, responsible for spontaneous polarization, shows a more complex evolution: its
amplitude increases upon cooling and, unexpectedly, also grows with decreasing ionic radius, as seen
in similar solid solutions and macroscopic properties. However, its magnitude is roughly an order of
magnitude smaller and comparable to thermal displacements, making firm conclusions difficult with
the current refinements. Theoretical calculations indicate that the I'y and I's modes exhibit a nonlinear
volume dependence, suggesting energetic minima and sensitivity to small structural variations. This
implies that I's is not activated directly by volume changes but via coupling with the primary mode
and the structural environment, opening the door to complex phenomena in the ferroelectric transition.

5.2 Future Work

To further understand the structural mechanisms involved in the ferroelectric transition of
RE2(MoQOy)s3, we propose a detailed analysis of bond lengths and angles, precisely correlating
atomic displacements with bond contractions or expansions. This study should focus especially on
the polyhedral environments and the oxygen bridges connecting these polyhedra, which are key to
understanding structural distortions.

DFT simulations under negative pressure confirmed the general experimental trends, although the polar
mode I's exhibited a non-monotonic volume dependence, indicating the need for additional studies.
In this regard, we recommend extending theoretical calculations to the Dy and Ho compounds and
analyzing less obvious secondary structural modes to optimize our understanding of these materials.

For data analysis, it would be useful to compute distortion indices specific to the MoO4 and REO,,
groups and correlate them with the amplitudes of the ]\42Jr @ My and I's modes. We also suggest plotting
uncertainty bands for the I's mode, obtained from grouped refinements, and comparing them with
theoretical predictions. Applying multivariate techniques, such as principal component analysis (PCA)
or clustering, on key variables—vibrational modes, distortions, b — a, ionic radius, and volume—would
help identify hidden patterns and relevant correlations. Additionally, overlaying data from analogous
series as a function of ionic radius, with an emphasis on visualizing oxygen displacement vectors, would
aid in detecting significant local structural differences.

Finally, we propose measuring ferroelectric hysteresis loops at different temperatures for the entire
RE2(MoQOy)s family. Unlike earlier studies that required single crystals, which are difficult to obtain,
these measurements can now be feasibly carried out on crystalline powders. This would allow us to
assess whether, as observed in the solid solution LayErs_«(MoQy)s, the polar mode exhibits atypical
behavior, with spontaneous polarization increasing as the ionic radius decreases—even by an order of
magnitude. Confirming this effect would be highly significant, as it would enable the tuning of improper
ferroelectricity through ionic radius adjustment. With this understanding, other material families with
technological potential based on this property could be explored and optimized.
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7 Appendix

The agreement factors of the multipattern and multiphase Rietveld refinement are presented in Tables 1 and 2, each
corresponding to a different temperature. The refinements were performed separately for each temperature with the
goal of linking the neutron wavelength used for the three trimolybdates. Each refinement employed nine diffraction
patterns: six from neutrons and three from X-rays, distributed as follows:
Pattern 1: Neutrons (full detector) of Tha(MoO4)3
Pattern 2: Neutrons (detector center) of Tha(MoO4)s
Pattern 3: X-rays of Tb2(MoOy4)3

Pattern 4: Neutrons (full detector) of Dy2(MoO4)s
Pattern 5: Neutrons (detector center) of Dy2(MoO4)s
Pattern 6: X-rays of Dy2(MoO4)s

Pattern 7: Neutrons (full detector) of Hoz(MoOy4)s
Pattern 8: Neutrons (detector center) of Hoa(MoO4)s
Pattern 9: X-rays of Ho2(MoOu4)s

The phases included in the refinements were:
Phase 1:
Phase 2:
Phase 3:
Phase 4:
Phase 5:
Phase 6:
Phase 7:

B-Th2(MoQ4)s3 or B'-Thy(MoO4)s
B-Dy2(MoQy4)3 or 5'-Dy2(MoQO4)3
B-Ho2(MoQOy4)s or 8'-Hoz(MoO4)3
Aluminium

Le Bail refinement of Tha(MoQO4)s
Le Bail refinement of Dy2(MoQO4)s3
Le Bail refinement of Hoz(MoO4)s

Table 1: Representative profile agreement factors from the Rietveld refinement of rare-earth trimolybdate diffractograms
at different temperatures.

475K 425 K 375K 300K 275K 225 K
Patron  Ryp  Rexp X2 Ryp  Rexp X2 Ryp  Rexp XZ Ryp  Rexp X2 Ryp  Rexp X2 Ryp  Rexp X2
1 978 527 345 979 503 378 839 487 297 786 458 294 7.75 451 296 7.53 434 3.01
2 1480 896 273 14.30 8.64 275 13.10 839 244 12,60 7.91 255 1240 7.80 2.51 1230 7.55 2.64
3 1320 7.69 296 11.20 7.67 212 1040 775 1.79 10.00 7.78 1.66 10.10 7.76 1.68 9.76 7.69 1.61
4 1140 858 1.76 11.60 841 191 10.50 814 1.66 1020 7.71 1.74 971 7.55 165 933 726 1.65
5 1790 1442 1.55 17.80 14.15 1.59 17.50 13.95 158 16.40 13.17 156 16.40 13.07 1.58 1540 12.46 1.52
6 1390 8.63 258 11.30 861 1.73 1760 854 4.25 1040 8.67 143 990 866 1.31 997 865 1.33
7 934 504 343 10.10 4.88 424 861 469 337 746 444 283 740 435 289 720 4.16 3.00
8 1430 856 280 1440 829 3.04 1330 805 273 1210 7.68 249 1220 751 2.64 11.80 7.26 2.66
9 925 636 211 846 633 1.79 11.70 6.27 351 838 623 1.81 851 6.22 1.87 859 6.21 1.91

Table 2: Representative intensity agreement factors from the Rietveld refinement
diffractograms at different temperatures.

of rare-earth trimolybdate

475K 425K 375K 300K 275K 225K
Patron Fase  Rpragg Fase Rpragg Fase  Rpragg Fase Rprgg Fase  Rpragg Fase Rpragg
1 1 4.419 4  2.834 1 4.771 4 1.092 1 4.197 4 1.846
2 1 5.226 4 4.891 1 5.653 4 2458 1 5.090 4 1.916
3 5 0.0258 — - 5 0.0233 - - 5 0.01219 - -
4 2 4.655 4 4.869 2 4.973 4 5.459 2 4.137 4 3.922
5 2 5.255 4 2239 2 5.380 4 4.104 2 5.379 4 2.239
6 6  0.0527 6  0.0809 6  0.2025
7 3 3.974 4 1.637 3 5.086 4 1.888 3 4.085 4 1.215
8 3 4.388 4 2329 3 5.531 4 1.337 3 4.976 4 1.903
9 7 0.0090 - - 7 0.0484 - 7 0.01970 -
1 1 3.629 4 2.028 1 3.430 4 2.008 1 3.274 4 2307
2 1 4.354 4 2977 1 4.390 4 3.013 1 4.260 4 3.505
3 5 0.01164 5 0.02226 5 0.01443
4 2 4.064 4 4.770 2 3.810 4 5402 2 3.921 4 4.568
5 2 4.840 4 4.794 2 4.943 4 5.303 2 4.794 4 3.846
6 6 0.5194 - - 6 0.08884 — - 6 0.2198 - -
7 3 3.049 4 1.669 3 3.037 4 1.524 3 2.813 4 1.452
8 3 4.137 4 1.671 3 3.870 4 2.266 3 3.811 4 3.010
9 7 0.00833 - - 7 0.09323 - - 7 0.01573 - -
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